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ABSTRACT

Metamaterial systems with negative stiffness behavior became a point of interest in
many energy dissipation applications due to their ability to dissipate high levels of energy.
Negative stiffness metamaterial elements can dissipate energy through non-linear elastic
behavior when transferred from one stable mode of buckling to another. Hence, the ability
of such elements to be reusable for multiple loading cycles exists. Such unique properties
made the metamaterial systems a perfect candidate for structural applications such as
impact protection of bridges against collision. This research provides innovative
metamaterial shell structure that can exhibit negative stiffness behavior by deforming from
one shape to another. The developed metamaterial shells have the potential to be used in
different infrastructure applications that requires high levels of force thresholds and energy
dissipation. The metamaterial shells were manufactured using 3D printing selective laser
sintering (SLS). The shells were investigated under impact and quasi-static loading.
Different profiles and configurations were investigated experimentally and numerically to
optimize the amount of energy dissipated as well as the force threshold of the system to be
adequate for infrastructure applications. Three-dimensional finite element models (FEMs)
were developed to address the instabilities occurred in the metamaterial elements and
predict the force thresholds and energy dissipation levels. The FEMs were extended to
investigate the effect of different parameters such as boundary condition and apex heightto- shell thickness ratio on the behavior of metamaterial elements. Results indicated that
metamaterial shells can dissipate up to 70% of the input energy, achieve higher force
thresholds compared to negative stiffness pre-buckled beams.
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1. INTRODUCTION

1.1. BACKGROUND
Impact protection of bridges against collision is one of the most urging problems
that requires new and innovative solutions. Increasing traffic volume in recent years
resulted in an increase in bridge collision events and hence increasing the maintaince and
repair costs. According to bridge failures data collected by New York Department of
Transportaion NYSDOT for the period between 1967 and 2006, collision was the second
highest cause of bridge failures coming just after hydraulic causes (Figure 1). These
collisions caused by both vechiles, trucks and barges [1]. The main two common causes of
bridge collisions are trucks colliding with bridge piers or with bridge girders. One-third of
the existing 600,000 highways bridges in the US already requires rehabilitation, repair or
replacement.
The increase in the demands on the transportation network raised the need to
improve, enhance and protect the existing infrastructure and develop innovative solutions
for bridge construction, repair and protection. Such improvements are vital to maintain the
traffic flow and accomedate the increase in traffic volume and increase the safety of the
transportation network.
Furthermore, bridge collisions can have serious implications beside the repair or
replacement costs of the bridge which is the losses of human lives due to such events. For
example, Figure 2 shows the effect of truck colliding with bridge on Highway 90, Texas.
The collision resulted in shearing off large portion of the bridge over the passing vechiles
on both sides of the hiwhway and human causilties were reported. In order to increase the
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safety on the highways, different bridge design codes stated certain provisions to account
for the expected loads from bridge collision in the design of bridge piers, however, most
of these provisions are only focused on the bridge piers and there are no specific provisions
for bridge girders. For example, the AASHTO-LRFD (2012) [2] specifications recommend
the consideration of an equivalent 600 kips static force in the design of the bridge piers that
are vulnerable to collision.
On another level, some of the states department of transportation develop additional
guidelines for the bridges constructed within the state to account for the uniqe requirments
of the state. For example, NYSDOT issued a Collision Vulnerability Manual in 1996 to
eliminate or reduce the vulnerability of new and existing bridges due to catastrophic
failures. This manual consists of an approach to estimate collision vulnerability of bridge
piers based on many factors such as pier type, existance of impact protection system, speed
limits, structural redundancy, truck traffic volume, etc.
Bridge damage due to the collision of over-height trucks on the side of bridge
girders is one of the most common issues with most of state department of transportations
(DoTs). A study carried out by Harik et al. [3] analyzed the failure of 113 bridges in the
US over a 38-year period from 1951 to 1988. Approximately 15% of the 113 bridges failed
due to truck collision. A recent study by Agrawal et al. [1] showed that at least 28 states
are suffering from over-height trucks colliding with bridge girders. The low clearance
under most of the existing old bridges increase their vulnerability to collision. These bridge
girders are either steel, reinforced concrete or prestressed concrete girders and such damage
result in extensive damage. The damage can vary from peeling off large portion of the
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girder, cut off prestressing strands or full collapse of bridge girders (Figures 1.2 through
1.6).

Figure 1.1 Causes of bridge failures [1].

Figure 1.2 Bridge girder failure after being struck by overheight truck on Highway 90,
Texas, 2016.
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Different protection and prevention approaches can be used to prevent the bridge
damages due to collision by installing warning systems, route changing, cleanrance
augmentation and impact protection systems. Most of the vailable warning systems are
inadequate for proper warning and in most cases are ignored by truck drivers [4].
Furthermore, most of the available impact protection systems are suitable only for bridge
piers such as concrete barriers, steel barriers, sand barrels or water barrels. This impact
protection systems are either expensive, not reusable (due to severe damage after impact),
or they only dissipate low levels of impact energy.
For bridge girders protection, most of state DoTs tends to increase the cleanrance
height of the bridges that are vulnerable for over height collisions to prevent damage due
to the lack of adequate impact protection systems for bridge girders [5]. The few impact
protection systems available for bridge girders are made of steel or aluminum with low
levels of energy dissipation. Furthermore, different state DoTs consider installing heavy
impact protection systems that made of metals on the bridge girders represent a hazard for
drivers. Hence, there is a need to develop more effective, light weight impact protection
systesm to dissipate collision energy and reduce the effects of collision on bridges and
vehicles. The main factors controlling the selection of any impact protection system for
bridge girders are the capacity for energy dissipation, cost of construction and installation
safety.
Thus, the need for development of innovative systems for impact protection of
bridges has been emerging to reduce the damage of infrastructure and increase the level of
safety by reducing number of human casualties. This dissertation contributes to these
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efforts by providing an innovative metamaterial structure that has the ability to dissipate
high levels of energy by changing from one shape to another during collision.

Figure 1.3 Collapse of I-80 bridge after being hit by tractor-trailer, Nebraska [6].

Figure 1.4 Truck collision with I-90 bridge, Minnesota, 2003.
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Figure 1.5 Closure of interstate after a truck -bridge collision (Photo: FHWA).

Figure 1.6 I-40 bridge collapse due to barge collision, Oklahoma, 2002.
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1.2. OBJECTIVE AND SCOPE OF WORK
The objective of the proposed research is to develop, test, and evaluate innovative
metamaterial structures with negative stiffness behavior that have the ability to dissipate
high levels of energy that can be used in different structural applications such as impact
protection of bridges. An innovative metamaterial shell structure is introduced of energy
dissipation applications. The proposed structure has the ability to dissipate high levels of
input energy by changing from one mode of buckling to another. The structure dissipates
energy through non-linear elastic behavior, and hence the structure is re-usable for multiple
loading cycles. Different profiles and configurations of the metamaterial shell structure are
proposed to achieve higher force thresholds and higher levels of energy dissipation for
multiple structural applications. The following scope of work was implemented to
accomplish these goals: (1) review the Literature; (2) experimental assessment of force
threshold and energy dissipation of existing metamaterial beams (Paper I and II); (3)
develop a three-dimensional finite element model for negative stiffness beams and
honeycomb (Paper I and II); (4) numerically investigate the effect of different parameters
on behavior of negative stiffness beams (Paper I and II); (5) experimentally investigate
actual strains in negative stiffness elements using different materials (Paper III); (6)
develop a new high force – high energy metamaterial revolved shell structure (Paper IV);
(7) experimentally investigate the behavior of developed negative stiffness revolved shell
structure with different profiles (Paper IV and VI); (8) experimentally investigate different
techniques to increase force thresholds and energy dissipation levels of negative stiffness
revolved shells (Paper V); (9) numerically investigate single and multiple layer negative
stiffness revolved shell structures (Paper V). The metamaterial shell structure was proposed
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to achieve higher force thresholds and energy dissipation levels when compared to
metamaterial beams and honeycombs to make it applicable for use in different structural
applications.

1.3. DISSERTATION OUTLINE
This dissertation includes three sections and two appendices:
Section 1 includes a brief introduction to the subject area and explains the need
for this research. The objective and scope of the work of the study, as well as a detailed
literature review establishing the state-of-the-art on the proposed topic is also presented
in this section.
Section 2 contains six journal papers that discuss the design, manufacturing,
materials testing, prototypes testing, analytical and finite element modeling for the
proposed metamaterial structure. A summary of the dissertation is illustrated in Figure
1.7.
Section 3 summarizes the work that was accomplished in this dissertation. It also
presents the key findings of all experiments and analytical modeling, which were
executed during this research study, as well as a proposal for future research. The
appendices include detailed test data and photographs from the research study.
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Figure 1.7 Dissertation summary.
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2. LITERATURE REVIEW

2.1. BRIDGE GIRDERS IMPACT PROTECTION SYSTEMS
Many state DoTs are concerned about protecting their bridges and reduce the
number of bridge collisions and human casualties. In recent years, researchers started to
explore various methods to increase safety of transportation network and reduce number
of collisions. Many warning systems as well as over-height detection systems was proposed
and implemented to reduce number of collisions. Despite the use of such warning systems,
the number of collisions remains very high which resulted in urgent need for impact
protection systems or sacrificial systems [6-8]. For example, a study that was carried out
by Michigan department of transportation (MDoT) found that sacrificial systems can
reduce the impact energy and damage to the bridge due to collision by 30% [9].
There have been a very limited studies on impact protection systems for bridge
girders. Qiao et al. 2008 [10] proposed an impact protection cushion system for concrete
bridge girders that work as a barrier structure against collision. The cushion system is
manufactured from aluminum and considered to be a multilayer honeycomb that lays
inbetween top and bottom thin plates [11]. The cushion system is installed on bridge girders
using bolts anchored to the concrete girder. Impact testing was carried out on three
reinforced concrete beams, two beams with the cushion system installed and one beam
without any protection system installed. The results indicated that the cushion system was
able to reduce the severe damage that occurred in the unprotected concrete girder, however,
after the impact event the cushion systems were fully damaged and absorbed impact energy
through plastic deformations.
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Another impact protection system for bridge girders was introduced by Sharma
et al. [12] that consisted of stiff steel gaurd with an energy absorbing material (EAM). The
system was called bridge bumper and was attached to the bridge girder using bonding
material. The energy absorbing material was designed to absorb impact energy and protect
the underlying bridge girder. Small scale experimental testing was carried out to show the
benefits of using such bridge bumper. Different types of foam were used as the EAM and
investigated to achieve the maximum energy absorbition by combining the steel angle with
the EAM. The system energy dissipation is limited to the characterstics of the foam used
and the stiff steel guard was used only to distribute the load over the girder.
In 2017, Jine et al. [13] investigated the performance of Hybrid Composite Beam
(HCB) bridge girder under lateral impact loading. The HCB was firstly introduced by
Hillman 2008 [14] and consisted of three main components: fiber reinforced plastic (FRP)
shell box, low-density foam and concrete arch with compression reinforcement and tension
reinforcement. The HCB bridge girder did not experience any global failure, however, local
damage to FRP shell at the impact zone was observed. The low-density foam was able to
absorb a portion of the impact energy, however, debonding of FRP shell from the lowdensity foam as well as tearing of the FRP shell was observed. Furthermore, this type of
hybrid bridge girders can be used only in the construction of new bridges and will not solve
the problem of existing bridge girders that are vulnerable for collision.

2.2. METAMATERIAL STRUCTURES
Investigating man-made engineered structures that can achieve unnatural
mechanical properties became a point of interest in many engineering applications [15-21].
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These man-made engineered structures are commonly known as metamaterial structures.
The advancement in the design and manufacture of metamaterial structuress that can
exhibit unusual properties such as negative poisson’s ratio, negative compressibility,
negative stiffness and negative refractive index [18, 19, 22, 23] allowed them to be used in
a wide variety of energy dissipation [23-26], seismic protection [27], and vibration
damping applications [28-30].
Recently, the use of metamaterial structures that can exhibit negative stiffness
behavior opened the door for such structures to be used in different energy dissipation
applications. Structures dissipate energy through two main components; elastic energy
stored in the structure and plastic energy [31]. One of the main advantages of negative
stiffness metamaterial structures is their ability to dissipate the energy through instable
behavior triggered by applying external loads as they transfer from one mode of buckling
to another [25, 32]. Moreover, the ability of such systems to recover to initial shape after
removing the applied load allow the system to be reusable.
A pre-buckled beam that can exhibit negative stiffness behavior was proposed by
Qiu et al. [33]. The beam profile simulates an equivalent shape of straight clamped –
clamped beam with applied axial load. Applying transverse loading to the pre-buckled
beam forces the beam to snap through from the initial mode of buckling to another through
which the beam exhibit negative stiffness region. Qiu et al. proposed the pre-buckled beam
to be used in microelectromechanical systems (MEMS) devices such as valves, clips,
memory cells and threshold switches. In 2013, Klatt et al. [25] investigated the proposed
pre-buckled beam for energy dissipation applications. The study investigated 3D printed
prototypes of the pre-buckled beam under quasi-static transverse loading. The prototypes
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were manufactured using Nylon. The results indicated that the beam was able to
dissipate energy by deforming from one buckling mode to another.
Array of pre-buckled beams arranged in honeycomb configuration, named negative
stiffness honeycomb [32, 34, 35] was investigated to increase the force thresholds as well
as the energy dissipation of pre-buckled beams. The negative stiffness honeycomb showed
the ability to dissipate energy and recover initial configuration after one complete cycle of
loading and unloading [34]. Unlike the common honeycombs, negative stiffness
honeycombs deformed in the elastic region of the material without any plastic deformation
which gives the system to be re-usable. The negative stiffness honeycomb achieved higher
force thresholds and dissipated higher levels of energy compared to single pre-buckled
beams, however, the force thresholds and energy dissipation levels of negative stiffness
honeycombs are not adequate for large-scale structural engineering infrastructure
applications; therefore, the need for stiffer negative stiffness structures that can dissipate
higher levels of energy while remain elastic are required for such applications. Similar
array of pre-buckled beams arranged in cylindrical honeucomb was investigated by Tan et
al. [36] in 2019. The study showed the ability of the cylindrical array to dissipate energy
under quasistatic and impact loading, however, the force threshold and energy dissipation
levels were very similar to the negative stiffness honeycomb.
Another study that was carried out by Cortes et al. [28] experimentally investigated
a composite system that consists of pre-buckled beam in a polymer matrix to determine the
overall stiffness and energy dissipation of the composite system under uniaxial
compression. The combination of the negative stiffness structure (pre-buckled beam) and
the matrix was aimed to increase the stiffness and energy absorption of the system. An
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estimation for the maximum strain values occurred in pre-buckled beam was used in the
design. The study concluded that the negative stiffness matrix enhanced stiffness with
improving energy dissipation by accurately matching the stiffness of the pre-buckled beam
with stiffness of the matrix.
Ha et al. [24] proposed a multiple tetra beam lattice that exhibit energy absorption
through negative stiffness behavior when snapping from one position to another. The lattice
was manufactured using 3D selective laser sintering. The multiple tetra beams experienced
large deflection which resulted in geometric nonlinearity and hence existence of negative
stiffness behavior. The design criteria of the tetra beams unit were based on the beam
slenderness ratio and the inclined angle. The performance of energy dissipation capacity
as well as the force threshold of the lattice unit was tailored using the design criteria.
However, the force thresholds and energy dissipation of the system was similar to that of
pre-buckled beams.
Despite most of the studies focused on the quasi-static testing of metamaterial
structures, Debeau et al. [35] experimentally investigated the mechanical behavior of
negative stiffness honeycombs under both quasi-static and impact loading. The negative
stiffness honeycomb was manufactured using 3D printing selective laser sintering from
Nylon similar to that investigated by Correa et al. [37] but the study also included an
additional negative stiffness honeycomb manufactured from Aluminum to investigate the
behavior of different materials as well. A drop mass test was performed on both negative
stiffness honeycomb materials and results indicated that the honeycombs can be used for
shock isolation as long as the amount of the mechanical energy transferred to the
honeycomb does not exceed the capacity of the honeycomb for energy dissipation.
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In a study that combined two unnatural properties, Hewage et al. [38] proposed
metamaterial structure that displayed both negative stiffness and negative poisson’s ratio
behavior. The system mainly consisted of negative poisson’s ratio host assembly
stabilizing negative stiffness element. The proposed system was experimentaly tested and
modeled analytically. Three alternatives for the negative stiffness metamaterial elements
were tested in the host assembly over a certain range of strains under quasi-static loading
in order to show how the composite structure can display simultaneous reversal in the
direction for both axial and transverse dimensions based on the negative stiffness and
negative poisson’s ratio values. Such composite system showed an ability to enhance
properties such as vibration damping which can be applied in many transport, defense, and
space sectors applications.
In structural engineering applications, most of the currently used systems for energy
dissipation rely on nonlinear inelastic deformations which are prone to severe damage [39].
For structural application purposes, Sarlis et al. [27, 40] developed negative stiffness device
(NSD) for seismic protection of structures. Such device has the ability to weaken the
structural system during a seismic event without any inelastic deformations using negative
stiffness behavior. The device simulated yielding by engaging at a certain displacement
during a seismic event to apply a force that opposed the structure restoring force. The
results indicated that the NSD had a significant effect reducing drift and acceleration of the
superstructure.
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I. ANALYSIS OF METAMATERIAL BI-STABLE ELEMENTS AS ENERGY
DISSIPATION SYSTEMS

Yasser Darwish and Mohamed ElGawady
Deparment of Civil, Architectural and Enviromental Engineering, Missouri University of
Science and Technology, Rolla, MO 65409

ABSTRACT

An accidental collision with bridge structures can have catastrophic consequences.
Such collisions have resulted in human casualties and partial or full collapse of bridge
struc-tures. In the U.S., 15% of bridge failures were due to a vehicle collision. Increasing
traffic volume resulted in an increase of collision events, especially with over-height trucks
on highways. Innovative impact protection systems have become a point of interest to
protect both structures and human lives. Metamaterial systems that have the ability to
exhibit unusual properties such as negative stiffness behavior can dissipate high levels of
energy. Such systems became a point of interest in base isolation, impact protection, and
shock absorption applications. Bi-stable elements such as pre-buckled beams can be
designed to exhibit negative stiffness behavior under transverse loading. Recent studies
have shown that such systems can dissipate up to 70% of the input energy by transferring
from one mode of buckling to another. The snap-through behavior of such elements
remains in the elastic region of the material, which allows the system to recover the initial
configuration after unloading. Finite element modeling (FEM) of bi-stable elements was
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carried out to address the bi-stability behavior and predict the force threshold as well as
the amount of energy dissipated through such elements. FEM results were validated with
experimental re-sults. Key parameters that affect the behavior of bi-stable elements were
investigated to study the different force thresholds and energy dissipation levels. The
developed FEM can be used to predict the behavior of bi-stable elements and hence, design
them in accord-ance with force thresholds and energy dissipation requirements.

1. INTRODUCTION

Metamaterial structures are designed to have particular geometry and boundary
conditions to achieve mechanical properties different from those that exist in natural
materials such as negative stiffness, negative compressibility, and negative Poisson’s ratio
(Che et al. 2016; Correa et al. 2015; Correa et al. 2015; Duoss et al. 2014; Fulcher et al.
2014; Guell Izard et al. 2017; Ha et al. 2018; Haghpanah et al. 2016; Hewage et al. 2016).
Metamaterial structures exhibiting negative stiffness (MSNS) behavior when subjected to
external applied loads are getting more attention in recent years for their ability to dissipate
energy. MSNS can be used as impact protection systems for bridge structures due to their
ability to dissipate high levels of energy through nonlinear elastic buckling. Figure 1 shows
the transverse force – deformation relationship of a single buckled beam, which is an
example of a metamaterial structure that can exhibit negative stiffness behavior when
subjected to transverse loading under certain geometries and boundary conditions. As it
transfers from one stable mode of buckling to another stable mode passing through the bistable region, negative stiffness behavior can occur. (Kashdan et al. 2012). This transition
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is also known as snap-through. Such systems have the ability to dissipate energy when
transferred from one stable mode of buckling to another. Recent studies have investigated
the use of MSNS in different applications such as the internal lining of army helmets, shock
absorbers in bicycle seats and base isolators (Correa et al. 2015; Correa et al. 2015; Klatt
2013).
Negative stiffness behavior was used as well by (Sarlis et al. 2013) in the
development of a negative stiffness device (NSD) for the seismic protection of structures.
Such a device has the ability to weaken the structural system during a seismic event without
any inelastic deformations using negative stiffness behavior. The results indicated that the
NSD had a significant effect reducing drift and acceleration of the superstructure. (Shan
et al. 2015) investigated the metamaterial structures (tilted beams) that exhibit controlled
trapping of elastic energy. The results showed the ability of such architected structures to
absorb energy through negative stiffness behavior.
The amount of energy dissipated through MSNS compared to the total input energy
makes the system promising for different structural engineering applications such as
barriers for impact protection of bridge columns and girders against vehicle collision,
barriers for blast protection of structures, and base isolation systems of structures.
However, existing research work focuses on the analytical and experimental testing of
simple MSNS for mechanical applications (Fulcher et al. 2014; Guell Izard et al. 2017; Ha
et al. 2018). However, for a more complex systems of MSNS, finite element models need
to be developed, which is challenging as the system goes through instability when
transferring from one mode of buckling to another. Addressing such behavior using finite
element modeling will lead to accurate prediction of the force threshold and amount of
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energy dissipation of the system (Darwish and ElGawady 2018; Darwish and ElGawady
2019), and therefore, a structure designed to meet the demands of structural engineering
applications.

Figure 1. Transverse force vs displacement for a prefabricated single buckled beam.

(Qiu et al. 2004) investigated the possibility of using a prefabricated beam with the
same profile as the buckled beam to exhibit the negative stiffness behavior as shown in
Figure 2. A single beam defined using Equation (1) with thickness t, span Ɩ, and apex height
h at the mid-point of beam was considered. It was found that the apex height, h, to beam
thickness, t, ratio Q is the main parameter that determines the extent of negative stiffness
behavior as well as the bi-stable state of a buckled beam. It was concluded that beams with
Q values lower than 2.31 will be mono-stable, and the buckled beam may not experience
any bi-stability, while those having higher Q values will be bi-stable and exhibit the
negative stiffness behavior.
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Figure 2. Prefabricated single beam re-drawn from (Qiu et al. 2004).

ℎ

𝑥

𝑤(𝑥) = 2 [1 − 𝑐𝑜𝑠 (2𝜋 𝑙 )]

(1)

(Klatt 2013) manufactured prototypes of buckled beams upon the relations derived
by Qiu et al. (2004) to investigate the negative stiffness behavior of such beams. Two
prototypes of negative stiffness buckled beams were tested under quasi-static transverse
displacement. One was constrained at both ends to prevent any displacement in the ends of
the beam, and the other had free ends to investigate the effect of boundary condition on the
behavior of such elements. Results indicated that the fixed boundary condition is a must
for prefabricated buckled beams in order to exhibit negative stiffness. Also, different values
of apex height to beam thickness ratio were investigated. They concluded that buckled
beams with a Q ratio less than 1.2 may not exhibit negative stiffness behavior.

2. NEGATIVE STIFFNESS CELLULAR STRUCTURES

(Rafsanjani et al. 2015) investigated the behavior of metamaterials’ cellular
structure under tension loading as shown in Figure 3(a). The metamaterial structure
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consists of a periodic arrangement of snapping units. The results showed that
metamaterial structures can be tuned to generate different nonlinear mechanical responses.
(Correa et al. 2015) developed a negative stiffness honeycomb structure that consists of
multiple rows and columns of prefabricated buckled beams that can exhibit negative
stiffness behavior when subjected to transverse compression as shown in Figure 3(b). Two
prototypes of honeycomb were manufactured using selective laser sintering (SLS) with
Nylon 11. The results of the negative stiffness honeycomb were compared to a regular
honeycomb structure; the negative stiffness honeycomb was able to recover the initial
profile with minimal plastic deformation. The amount of the energy dissipated through the
system was around 65% of the total input energy. The experimental results of the negative
stiffness honeycomb will be used in this paper for the validation of the finite element
model.

(a)
(b)
Figure 3. Different metamaterial cellular structures: Snapping metamaterials under
tension (Rafsanjani et al. 2015), and Negative stiffness honeycomb (Correa et al.
2015).

The use of metamaterial structures with negative stiffness (MSNS) behavior in
structural engineering applications is very promising. The amount of energy dissipated
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through the system compared to the total input energy gives the system the potential to
be used as energy dissipation systems for different structural members. This raises the
importance of developing a finite element model to predict the nonlinear behavior of such
systems as well as to estimate the amount of energy dissipated through the different
dimensions and configurations of negative stiffness elements. A finite element model was
developed in this study using LS-Dyna. The model can address the instability of negative
stiffness elements during transition from one stable mode to another, which allows the
prediction of the force threshold as well as the amount of energy dissipated in the system.
The model was validated using experimental results of negative stiffness honeycomb from
the literature. The study was extended to investigate the effect of the apex height to beam
thickness ratio and multiple honeycomb units on the behavior of the system.

3. FINITE ELEMENT MODELING

A finite element model (FEM) was developed using LS-Dyna package software
and validated with negative stiffness honeycomb structure prototypes tested by (Correa et
al. 2015). The FEM of the honeycomb structure had the same dimensions and configuration
of the one tested experimentally in (Correa et al. 2015). After validating the FEM with
experimental results, several models were developed to investigate the effect of different
parameters, including the apex height to beam thickness ratio and multiple honeycomb
units, on the force threshold and energy dissipation of the system.
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3.1. GEOMETRY
The negative stiffness honeycomb structure consists of two vertical columns and
four horizontal rows of double buckled beams. The double buckled beams are connected
by a vertical link to constrain the second mode of buckling when the beam tends to transfer
from one position to another, hence ensuring the instability of the beam (Correa et al. 2015).
Figure 4 shows the structure of the honeycomb as well as the dimensions used in
simulation. The apex height to beam thickness ratio of the buckled beam was 3.93, which
lies in between the limits defined by (Qiu et al. 2004) to ensure the bi-stability of the beam.

(a)

(b)

Figure 4. Negative stiffness honeycomb structure redrawn from (Correa et al. 2015):
Configuration of negative stiffness honeycomb, and (b) Dimensions of one quarter of
negative stiffness honeycomb in mm.

Figure 5 shows the geometry of the finite element model of negative stiffness honeycomb
structures. Two steel plates were used to simulate the compression machine. A uniform
cross section of the middle ties instead of the haunches was considered in the model to
facilitate the modeling procedure.

24

Figure 5. Finite element model geometry of negative stiffness honeycomb structure.

3.2. MATERIAL MODEL
Nylon
The material used in manufacturing the honeycomb in experimental work was
Nylon 11 (Correa et al. 2015) with properties shown in Table (1). The nylon material was
modeled as a fully elastic material in LS-Dyna using material model “001-ELASTIC.” The
model is referred to by (Ref-01). The material model was defined using nylon’s Young’s
modulus (E), density (D) and Poisson’s ratio (PR).

Table 1. Properties of different materials.
Property

Nylon 11

Steel

Young’s Modulus (E) MPa

1582

180000

Yield Stress (SIGY) MPa

24

320

Density (D) kg/m3

1040

7830

Poisson’s Ratio (PR)

0.33

0.30
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Steel
An upper loading plate and lower base plate were modeled as Steel plates using
plastic kinematic material model “003-PLASTIC_KINAMATIC” in LS-Dyna. However,
the stresses on such plates were much lower than the yield strength of the steel material
due to a difference in stiffness between the nylon and steel materials. The inputs for the
steel material model were Young’s modulus (E), yield stress (SIGY), density (D) and
Poisson’s ratio (PR) as shown in Table 1.

3.3. ELEMENT TYPES
The buckled beam elements were modeled as beam elements. The selection of beam
elements for modeling was after trials investigating behavior of both shell and beam
elements. As there was no significant difference between the results of both types of
elements (beam element and shell element), the beam element type was selected to reduce
the run time of the finite element model and to avoid hourglass energy effects when using
under-integrated shell elements. The “EQ.4: Belytschko-Schwer full cross-section
integration” beam element formulation was used in the model. An upper loading plate,
supporting frame, and lower base plate were modeled as solid elements.

3.4. BOUNDARY CONDITIONS AND LOADING CONTROL
The lower base plate was constrained in all directions unlike the upper steel plate,
which was only constrained in x and y directions. The upper steel plate nodes were assigned
displacement in z-direction to compress the honeycomb structure using displacement
control loading with a 5mm/min loading rate. The total displacement was based on the apex
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height of the buckled beams. Using displacement control loading allows accurate
simulation of the actual equilibrium path of the beams from one position to another.

3.5. INTERFACE MODELING
Accurate contact modeling between different elements was vital to ensure accurate
simulation of the snap through behavior of beams. The “NODES-TO-SURFACE” contact
type was used in modeling to define the interface between the upper and lower loading
plates and the honeycomb structure prototype. According to Moran and Sucharitakul
(Moran and Sucharitakul 2015), the coefficient of friction between nylon and steel was
considered 0.2. For the honeycomb model, an additional contact type was needed to avoid
the interference of the beams with horizontal ties after deformations to the opposite state.
The “AUTOMATIC_GENERAL” contact type was used to avoid this problem.

3.6. EXPLICIT VS DYNAMIC IMPLICIT ANALYSIS
Despite using quasi-static loading during testing prototypes, the movement of the
buckled beams from one position to another shall be considered as dynamic movement.
Explicit and dynamic implicit analysis were considered in modeling of both the single
buckled beam and the honeycomb structure. In explicit analysis, the time step has to be
lower than the courant time step (the time it takes a sound wave to travel across an element).
By using the Belytschko beam formulation, the size of the time step is calculated by the
solver using Equation (2) unless the bending-related time step calculated by Equation (4)
is lower (LS-Dyna 2017). The time step calculations depend on the size of the smallest
element in the model and remain fixed over all of the analysis, resulting in the models
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needing a longer time to run. Explicit analysis does not depend on iterations, unlike
dynamic implicit analysis which depends on a series of iterations to establish equilibrium.
One main advantage of using dynamic implicit analysis is that it reduces the run time
needed from the solver to reach equilibrium as the time step size is several orders of
magnitude larger than the explicit analysis time step. One drawback from implicit analysis
is that in some cases the solver will not be able to find equilibrium, which will require
changing the time step size. The results from explicit and dynamic implicit analysis were
compared to each other, and the dynamic implicit analysis was chosen for validation with
the experimental results.

∆𝑡𝑒 =

𝐿
𝑐

(2)

𝑐=√

𝐸
𝜌

(3)

where
L is the length of smallest beam element.
E is Young’s modulus of the material.
ρ is specific mass density.
c is the sound speed.

∆𝑡𝑒 =

0.5 ∗ 𝐿
3
1
𝑐 √3 ∗ 𝐼 ∗ [
+ 2]
2
12𝐼 + 𝐴𝐿
𝐴𝐿

(4)
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where I is the maximum value of moment of inertia, and A is the maximum area of cross
section.

4. RESULTS AND DISCUSSION

4.1. MODEL VALIDATION
Finite element modeling was validated with two honeycomb prototypes (Exp-01
and Exp-02) tested by (Correa et al. 2015). Figure 6 shows the results of the developed
honeycomb model (Ref-01) with experimental results. The “SECFORCE” option in LSDyna was used and taken at the first row of buckled beams in the honeycomb structure.
Both the finite element model (Ref-01) and the experimental results had the same initial
stiffness. Any slight change in the thickness of the outer walls, inner walls, or ties will
affect the stiffness of the honeycomb. One complete cycle of loading and unloading was
simulated in the FEM. The force threshold of Ref-01 was 197 N, which is similar to the
force threshold of both experimental samples, 193 and 211 N, with a 2.5% error of the
average of the two tested samples. The force threshold of the second row of buckled beams
in the honeycomb was lower than the experimental results. The total displacement of the
honeycomb in the FEM was 31mm compared to 35mm of the experimental results. During
the unloading path of the honeycomb, the force threshold of (Ref-01) was higher than the
experimental results due to the difficulties in addressing the bounce back behavior in the
FEM using the elastic material model “001-ELASTIC.” The force threshold from the FE
models of honeycomb was compared to the value of force threshold calculated from Qiu
estimation given by Equation (5). Qiu et al.’s equation (2004) gives a force threshold of
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approximately 200 N, which matches the force threshold of the FE model of 197 N with
an error of 1.5%.

Figure 6. Validation of the developed FE reference model (Ref-01) results.

𝐹 ≈ 1480

𝐸𝐼ℎ
𝑙3

(5)

Overall, the developed model was able to capture the behavior of negative stiffness
honeycomb under one cycle of loading and unloading. There is a difference in predicting
the timing of the bounce back behavior of the buckled beams during the unloading process
in the finite element analysis and the actual timing from the experimental results. The
residual displacement of the finite element model was twice the actual one measured from
the experimental samples. The error in the residual displacement can be attributed to
changing the profile of the buckled beams in the honeycomb compared to those in the
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experimental results. However, experimental testing of two identical samples of
honeycomb yielded a difference in the force-displacement relationship as discussed before
in Figure 6. The undeformed shape of the honeycomb from FEM is shown in figure 7(a),
while the deformation of the first row of buckled beams in the honeycomb structure is
shown in figure 7(b). The second mode of buckling was constrained by the vertical member
in the double buckled beam as shown in Figure 7(b).

(a)
(b)
Figure 7. Undeformed and deformed shape of FEM honeycomb: (a) Undeformed
shape, and (b) Deformed shape of the first row of buckled beams in the honeycomb.

4.2. APEX HEIGHT TO BEAM THICKNESS EFFECT
The apex height to beam thickness ratio (Q) plays an important role on the negative
stiffness behavior of buckled beams. Qiu et al. (2004) stated that Q ratios lower than 2.31
may not exhibit bi-stability, which will affect the negative stiffness behavior. So, to
investigate the effect of changing the Q ratio, three different models were generated to
study the behavior of the honeycomb structure. Table 2 shows the different beam
thicknesses used to achieve different Q ratios.
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A shown in Figure 8, in model (BT-02), with an apex height to beam thickness
ratio Q equal to 2.50, which is closer to 2.31, the negative stiffness behavior of the
honeycomb structure has almost vanished. The force threshold of the whole honeycomb
became accumulative for all four rows in the honeycomb structure. The force threshold of
410 N represents the force on all buckled beams rows together as there were no drops in
the force as in the reference model (Ref-01). Decreasing the value of Q in model (BT-03)
to below the limit of 2.31 led to totally different behavior of the honeycomb without any
negative stiffness behavior. The beams became near each other, and the whole honeycomb
structure became like a block of nylon working in compression. On the other hand,
increasing the value of Q by decreasing the beam thickness with respect to the apex height
(BT-01) lowered the force threshold that the honeycomb could withstand. The amount of
energy dissipated through the system was lower than the reference model. It can be
concluded that the recommended value of Q ratio lay between 3 and 5 for this honeycomb
structure.

Figure 8. Effect of apex height to beam thickness ratio Q on the behavior of negative
stiffness honeycomb.
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Table 2. Finite element models with different apex height to beam thickness ratios (Q).
Model
BT-01
Ref-01
BT-02
BT-03

Beam thickness
(mm)
0.80
1.27
2.00
2.50

Apex height (mm)

Q = h/t

5
5
5
5

6.25
3.94
2.50
2.00

4.3. MULTIPLE HONEYCOMB UNITS
The force threshold of the honeycomb structure discussed before was
approximately 200N. However, some applications may require higher magnitudes of force
threshold. Different approaches may be considered to increase this force threshold such as
changing the geometry of the buckled beams, different configurations for the beams,
changing the material of the honeycomb, etc. Using multiple units of honeycomb structure
or using a different honeycomb with more columns and rows of buckled beams may also
be a feasible an approach to reach higher force thresholds. In order to investigate the effect
of using multiple honeycomb units on the force threshold and behavior of the system, a
finite element model (MHC) was developed by using two units of honeycomb structure
with the same dimensions as discussed before in parallel as shown in Figure 9. The two
units were placed side by side and subjected to the same compression using displacement
control loading.
Figure 10 shows the force- displacement relationship of the multiple unit
honeycomb model (MHC) and reference model (Ref-01). The force threshold was almost
doubled in the case of the multiple unit honeycomb (356N) during loading of the
honeycomb. However, the force threshold when the beams started to bounce back during
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unloading was higher in the MHC model. The amount of energy dissipated was doubled
as well in the MHC model. This leads us to conclude that using two or more units of
honeycomb structure with the same dimensions will result in magnification of the force
threshold as well as energy dissipation of the system, depending on the properties of the
single honeycomb unit.

Figure 9. Two-unit honeycomb model (MHC).

Figure 10. Effect of using multiple unit honeycomb structure.
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5. CONCLUSIONS

This paper presented finite element analysis of metamaterial structures with
negative stiffness (MSNS) behavior. Finite element models (FEM) were developed using
LS-Dyna software to address the behavior of the buckled beams from one stable mode of
buckling to another in which they exhibited the negative stiffness behavior. The FEM was
developed and validated with experimental results of negative stiffness honeycomb
structure from the literature. The loading was simulated using displacement control loading
to capture the actual equilibrium path of the system. The model was able to address the
instabilities that occurred at the negative stiffness region of the elements during the loading
and unloading paths. The following points can be concluded from this study:
1. The force threshold from the FEM matches the force threshold of the tested prototypes
from literature during the loading curve with 2.5% error. However, the force threshold
from FEM was greater than the one from experimental testing by up to 40% difference.
2. These models can be used to design the MSNS systems based on the required force
threshold as well as the amount of energy absorbed by the system according to desired
applications.
3. The MSNS systems shows the ability to recover its initial configuration, which will
make it reusable for multiple cycles.
4. Changing the apex height to beam thickness ratio from 3 to 5 will ensure the bi-stability
of the beams. Otherwise, the beams may not exhibit negative stiffness behavior.
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5. Using multiple units of honeycomb structure connected in parallel will magnify the
force threshold of the system based on the geometry of the single honeycomb unit.
More investigation is needed to increase the force threshold of MSNS systems.
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ABSTRACT

Metamaterial structures that exhibit negative stiffness (MSNS) behavior have
shown the potential to be used as energy dissipation systems in different applications.
Negative stiffness honeycomb structures consist of multiple pre-buckled beams that
snapping through from one pre-buckled mode to another buckled mode, when subjected to
transverse loads, displaying negative stiffness and dissipating significant portion of the
input energy. This paper presents finite element models (FEMs) developed to investigate
the performance of negative stiffness pre-buckled beams and honeycombs. The FEMs were
validated using experimental results of single pre-buckled beams and honeycomb
structures. The experimental testing of the pre-buckled beams was presented in the current
study while the results of the honeycomb were available in the literature. The FEMs have
the ability to capture the transition of the elements from one mode of buckling to another
mode as well as the force thresholds, energy dissipation values, and residual displacements.
The FEMs were extended to investigate the effect of different parameters such as boundary
condition, apex height-to-beam thickness ratio, constraining the second mode of buckling
on the behavior of negative stiffness honeycombs.
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1. INTRODUCTION

Metamaterial structures are structures designed with particular geometry and
boundary conditions to achieve unique mechanical properties such as negative stiffness,
compressibility, and poisson’s ratio [1-9]. Metamaterial structures exhibiting negative
stiffness (MSNS) behavior when subjected to external applied loads are getting more
attention in recent years for their ability to dissipate energy. A beam having a profile
identical to that of a buckled beam, i.e., following Equation 1 with thickness t, span Ɩ, and
apex height h at mid-point of the beam (Figure 1a) was developed to exhibit a negative
stiffness behavior when subjected to a transverse load, F, per Equation 2 [10]. Since the
beam having a profile of a buckled beam before applying any loads, the beam is called a
pre-buckled beam [10].

𝑤(𝑥) =

ℎ
𝑥
[1 − 𝑐𝑜𝑠 (2𝜋 )]
2
𝑙

𝐹 ≈ 4.18𝜋 4

𝐸𝐼ℎ
𝑙3

(1)

(2)

where E= the modulus of elasticity and I is the moment of inertia of the beam cross
section.
Figure 2 shows the transverse force – deformation relationship for the pre-buckled
beam when subjected to transverse load. As shown in the figure, under transverse loads,
the pre-buckled beam will deform with positive stiffness until the applied load reaches a
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force threshold and then the beam snaps-through, i.e., transfers from one stable mode of
buckling to another stable mode of buckling passing through instability in which negative
stiffness and energy dissipation occur.

(a)

(b)

Figure 1. A prefabricated pre-buckled beam: (a) single beam, and (b) double beam.

Figure 2. Force vs. displacement for a single pre-buckled beam subjected to transverse
loading and deformed shapes.

The extent of the negative stiffness region (Figure 2) depends on apex height-tobeam thickness ratio, h/t, hereinafter called Q, and the boundary conditions of the prebuckled beam. Experimental and analytical testing showed that pre-buckled beams having
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Q-values greater than 1.5 can display mono-stable behavior with snap-through behavior
[11]. Furthermore, analytical work [10] concluded that pre-buckled beams with Q-values
greater than 2.31 and having a constrained second mode of buckling will display bi-stable
behavior with higher energy dissipation compared to the case where the second mode of
buckling is not constrained (Figure 1b). One proposed approach to constrain the second
mode of buckling of a beam is to use two identical pre-buckled beams connected by rigid
link member such that the rigid member will transfer the rotational motion of one beam to
an axial motion on the other beam. The two beams are separated in the direction of buckling
by a gap having a depth of at least 5t (Figure 1b) [10]. In addition to the limitations on the
Q-value, fixed-fixed boundary conditions are a must for pre-buckled beams to exhibit a
negative stiffness behavior. Otherwise, the beam is freely allowed to deform without any
constrains and hence will not exhibit any negative stiffness [10, 11].
Correa et al. [12] developed a negative stiffness honeycomb structure employing
periodic double pre-buckled beams. Two identical specimens were tested in compression
under monotonic static loading. Despite being identical in design and manufacturing, both
beams displayed approximately 13% difference in their force threshold due to
imperfections in manufacturing the specimens using 3D printing laser sintering.
Furthermore, Equations 3 was semi-empirically developed [10] to predict the force
threshold of a double beam with constrained second mode of buckling [10]. This equation
over-predicted the average strength of tested specimens by 73%. Adopting Equation 2
which was developed for a single pre-buckled beam, however, over-predicted the force
threshold of the investigated system by 5%.
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Unlike conventional honeycomb, the negative stiffness honeycomb [12]
recovered its original shape with minimal plastic deformations allowing multiple use of the
system which is an important feature in applications of energy dissipation systems
subjected to multiple impacts during their service life. The energy dissipated by the system
represented approximately 65% of the total input energy.

𝐹 ≈ 1480

𝐸𝐼ℎ
𝑙3

(3)

where E= the modulus of elasticity and I is the moment of inertia of the beam cross
section.
Recent studies investigated the use of metamaterial structures that exhibit negative
stiffness (MSNS) in different applications such as shock absorbers in bicycle seats, and
base isolators [11, 12]. Furthermore, design of periodic metamaterial systems was also
developed and tailored to display zero, and negative stiffness under tension loading. The
stress-strain constitutive relation for the metamaterial developed structure was tuned by
controlling instabilities occurred in the system [13].
Research focused on experimental testing of MSNS for mechanical applications
[10-13] has shown the potential of MSNS for energy dissipation. However, there remain
many questions and issues that need to be addressed for MSNS systems. For example, the
effects of boundary conditions, apex height-to-beam thickness, Q, using single vs. double
beams on the force threshold, energy dissipation, and residual displacement need to be
further investigated. Therefore, developing numerical models that can investigate such
parameters will allow better understanding of MSNS. Numerical models developed in the
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literature displayed few shortcomings including not attempting to capture the unloading
of the MSNS. This manuscript presents finite element models developed to predict the
nonlinear behavior of negative stiffness beams and honeycombs using LS-Dyna software.
The models were validated using two different sets of experimental data. The first set
includes experimental results of single buckled beams tested by the authors and presented
in this manuscript. The second set included experimental data of negative stiffness
honeycomb structures available in the literature [12]. The models were extended to
investigate the effect of the different parameters on the performance of the MSNS.

2. EXPERIMENTAL TESTING

Three prototype pre-buckled beams were designed following Equation 1 and
manufactured using 3D printing. Each beam had a thickness of 1.27 mm, clear span of 50
mm, and an apex clear height of 5.0 mm resulting in Q-value of 3.93. Each beam had 2
mm thick and 11 mm high sidewalls. Each beam was inserted into an aluminum frame
(Figure 3b) to constrain the outward movement of the sidewalls of the beams. The
aluminum frame had 5 mm thick and 11 mm high sidewalls.
One beam was manufactured using NylonX carbon fiber filament fused on multiple
layers (Figure 3b). The remaining two beams, designated as Nylon PA12-01 and Nylon
PA12-02, were manufactured using selective laser sintering (SLS) with Nylon PA12
powder material (Figure 3c). The beams were subjected to transverse quasi-static loads in
a displacement control at a rate of 5 mm/min using Instron 4469 (Figure 3d). Testing
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continued until deflection of 9 mm and then the load was completely removed at the
same rate of 5 mm/min.

(a)

(b)

(c)
(d)
Figure 3. Prototype pre-buckled beam: (a) dimensions [mm], (b) filament beam before
testing, (c) laser sintering beam before testing, and (d) testing of laser sintering beam.

3. EXPERIMENTAL RESULTS

The first prototype beam displayed a premature failure due to delamination between
the different layers of the pre-buckled beam at 16 N (Figure 4a). The delamination occurred
during the transition of the beam from the first mode of buckling to the third mode of
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buckling which triggered high interlaminar shear stress concentrations between the
printed layers leading to breaking the weak bond between them.

(a)

(b)

Figure 4. Prototype pre-buckled beam: (a) delamination in the filament beam, and (b)
laser sintering beam during testing.

The remaining two prototype beams successfully snapped through from one mode
of buckling to another without displaying any delamination and displayed negative
stiffness behavior with high energy dissipation values and minimal residual displacements
(Figure 4b). Despite that Nylon PA12-01 and Nylon PA12-02 beam prototypes, had
identical dimensions, a difference of 20% in their force thresholds was observed during the
experimental work which was due to the butterfly effect, i.e., initial imperfections that
occurred during the 3D printing process (Figure 5). The two beam prototypes displayed an
average threshold force of 77 N and an initial stiffness of 40 N/mm. Furthermore, both
beams recovered their initial profiles after completely removing the applied load which
indicated the ability of the beam to be reusable for multiple cycles of loading and
unloading.
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(a)
(b)
Figure 5. Force vs. displacement of the pre-buckled beams: (a) linear FEMs, and (b)
piecewise linear FEMs.

Using Equation 2, which considers active second mode of buckling [10], the
threshold force of the investigated beam is 58 N which is 24% lower than the average
measured force during the experimental work (Figure 5). It is worth noting that Equation
2 was semi-empirically developed and it had been reported to underestimate the force
threshold of pre-buckled beams by 14% [12]. Furthermore, Equation 2 implicitly assuming
that the pre-buckled beam has fixed-fixed boundary conditions. The pre-buckled beams
tested during this experimental work were inserted into rigid frames to simulate fixed-fixed
boundary conditions. However, due to manufacturing of the steel frame and pre-buckled
beams there was a very minimal tolerance between the walls of the steel frame and that of
the test specimens. Such difference allowed the walls of the specimens to slightly open
causing partial fixation instead of full fixation.
One of the main features of the MSNS is their ability to dissipate energy. Figures
6(a) and 6(b) display the input, elastic, and dissipated energy values calculated using
numerical integration of the force-displacement for each tested beam. As shown in the
figure, Nylon PA21-01 and PA21-02 dissipated approximately 71% and 67% of the input
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energy. Furthermore, both beams displayed zero-residual displacement which represent
an excellent nonlinear elastic response for many civil engineering applications.

4. FINITE ELEMENT MODELING

FEMs of the pre-buckled beams were developed using LS-Dyna software and were
validated versus two sets of experimental results. The first set is the single beams
investigated in this study and the second set is negative stiffness honeycomb structures
[12]. After validating both sets of models, several models were developed to investigate
the effect of different parameters including the boundary conditions, apex height-to-beam
thickness ratio, and single and double pre-buckled beam on the behavior of the honeycomb
structures quantified through the force threshold, occurrence of negative stiffness, and
energy dissipation.

(a)
(b)
Figure 6. Energy of (a) Experimentally tested PA12-01, (b) experimentally tested
PA12-02, (c) FEM-Linear, and (d) FEM-Piecewise Linear.
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(c)
(d)
Figure 6. Energy of (a) Experimentally tested PA12-01, (b) experimentally tested
PA12-02, (c) FEM-Linear, and (d) FEM-Piecewise Linear (Cont.).

4.1. PRE-BUCKLED BEAM GEOMETRY
The FEM consisted of an upper steal loading plate, pre-buckled beam, and a
supporting frame (Figure 7) having the dimensions shown in Figure 3(a).

Figure 7. Finite element model of a single pre-buckled beam.

4.2. NEGATIVE STIFFNESS HONEYCOMB STRUCTURE GEOMETRY
The FEM consisted of an upper and lower steal loading plates. The negative
stiffness honeycomb structure consisted of four rows, each consisted of two-span double
pre-buckled beam (Figures 8 and 9) [12]. Figure 8 shows also the dimensions of one quarter
of the honeycomb structure. The pre-buckled beam had a Q-value of 3.93 with t of 1.27
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mm and h of 5 mm. Two steel plates were also used in the model to simulate the
compression machine platens.
Using two-span pre-buckled beams in the system doubles the force threshold
compared to a single-span beam. Furthermore, the vertical link member in a double prebuckled beam transfers the rotational motion from one beam to an axial motion in the other
beam and hence ensure superseding the second mode of buckling while displaying negative
stiffness and high energy dissipation of the honeycomb structure.

Figure 8. Geometry of the negative stiffness honeycomb structure prototype
(redrawn after [12]) (Note: all dimensions are in mm).

Figure 9. General features of FEM of the negative stiffness honeycomb structure.
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4.2.1. Material Models. The structures investigated during the course of this
study were manufactured using Nylon PA12 for the single prefabricated buckled beams
and Nylon 11 for the honeycomb. The nylon materials were modeled using two different
material models available in Ls-Dyna library: linear elastic, 001-Elastic, and piecewise
linear plastic, 024-Piecewise_Linear_Plasticity_Stochastic (Table 1). The inputs for the
elastic linear material model were the elastic modulus (E), density, and Poisson’s ratio
(Table 1). In addition to those parameters, the piecewise linear material model inputs
included the yield stress, tangent modulus, and ultimate plastic strain. Piecewise linear
model allows an accurate definition of a plastic material model. The results of the elastic
linear model hereinafter is designated as FEM-Linear while those of the piecewise linear
model is designated FEM-Piecewise Linear. Furthermore, the upper and lower steel
loading plates were modeled using plastic kinematic material model, 003Plastic_Kinamatic. The inputs for this material model are defined in Table 1.
4.2.2. Element Types. Both shell and beam elements were investigated to model
the pre-buckled beams in the different structures. There were no significant differences
between the results of the models implemented both types of elements; therefore, models
implementing beam elements were developed and presented in this manuscript as it
requires reduced solution time compared to those implementing shell elements.
Belytschko-Schwer with full cross-section integration beam element was selected for
modeling the pre-buckled beams. The machine loading plates, and the supporting steel
frame were modeled using solid elements.
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Table 1. Properties of different materials.
Property

Nylon X

Nylon PA 12

Nylon 11

Steel

Young’s modulus (E) MPa

6000

1650

1582

180000

Yield stress (SIGY) MPa

---

24

24

320

Density (D) kg/m3

1000

930

1040

7830

Poisson’s ratio (PR)

0.30

0.33

0.33

0.30

E Tangent (MPa)

---

600

588

6300

Ultimate strain (%)

---

18

18

4.5

4.2.3. Interface Model. Modeling the interfaces between the different elements
was crucial to capture the performance of the pre-buckled beams and the negative stiffness
honeycomb structures. Node to surface contact was used to model the contact between the
upper/lower loading plates and the top/bottom surfaces of the different structures. A
coefficient of friction of 0.20 was used between the different steel plates and nylon
elements [14]. Another contact, surface-to-surface, was defined between the pre-buckled
beams to prevent the penetration of the pre-buckled beam elements into each other and into
the horizontal middle tie beams (Figure 9).
4.2.4. Boundary Conditions and Loading. The displacements of the bottom steel
plate and supporting steel frame were constrained in all directions while the displacements
of the upper steel plate were only constrained in x and y directions (Figure 7). Rotations
were constrained for both plates and supporting frame in all directions. The upper steel
plate moved in the negative z-direction at a rate of 5 mm/minute to apply the required
displacement on each of the models.
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4.2.5. Type of Analysis. Although the load was statically applied to the
structure, the deformation of the pre-buckled beams from one mode of buckling to another
one should be addressed as a dynamic problem which can be performed using either the
explicit or implicit solver. Therefore, both approaches were investigated to select the most
efficient solution algorithm to be used during the course of this research.
The maximum time step calculated by the LS-Dyna solver during explicit analysis
for the Belytschko-Schwer beam formulation has to be less than the courant time step
calculated using Equation 4 or the bending-related time step calculated per Equation 6
whichever is smaller [15]. Furthermore, an explicit analysis does not require iterations as
the nodal accelerations are solved directly.

𝐿
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𝐸
𝜌
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𝑐√3𝐼 [

3
1
+ 2]
2
12𝐼 + 𝐴𝐿
𝐴𝐿

(6)

where L is the length of smallest beam element being 1 mm during the proposed model, ρ
is specific mass density (Table 1), c is the sound speed of 343 m/s, and I is the maximum
value of moment of inertia and A is the maximum area of beam’s cross section.
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Dynamic implicit analysis solution depends on series of iterations to establish
the equilibrium within an energy convergence tolerance of 0.01 during the proposed model.
The advantage of using dynamic implicit analysis is that the time step is generally several
orders of magnitude larger than that used in the explicit analysis. Therefore, implicit
analysis can decrease the analysis time from a few days to a few hours. The disadvantage
of using implicit analysis is that the solver may not reach to an equilibrium during the
iterations process specially with the nature of the pre-buckled beams behavior which tends
to move from one stable mode of buckling to another one in very small interval leading to
large difference in the energy of the system which can be addressed using a smaller time
step in order to reach equilibrium.

5. RESULTS AND DISCUSSION

The finite element models were validated against the two sets of experiments, i.e.,
single pre-buckled beams experimentally tested in this study and the honeycomb models
available in the literature [12].

5.1. SINGLE PRE-BUCKLED BEAMS
Both FEMs, FEM-Linear and FEM-Piecewise Linear, captured the negative
stiffness behavior of the single pre-buckled beams during the transition from one stable
mode of buckling to another mode (Figure 5). The FEM-Linear and FEM-Piecewise Linear
models predicted force thresholds of 80 N and 70 N, respectively, compared to
experimental force thresholds of 86 N and 70 N for the Nylon PA12-01 and Nylon PA12-
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02 prototypes, respectively, with an average strength of 78 N. Therefore, the linear
material model over-predicted the strength by 2% while the piecewise linear model underpredicted the strength by 10% compared to the average force threshold of the tested beams.
However, the force threshold obtained from both FEMs are in-between the measured force
threshold of the tested beams.
Both FEM models over predicted the initial stiffness of the tested beams. This
difference in the initial stiffness was due to the effect of the boundary conditions as the
supporting steel frame constrained any movement in the side walls in the FEM, while
during the experimental testing there was a small tolerance between the side walls and the
frame which resulted in lowering the initial stiffness of the beam. The effect of changing
the boundary conditions on the performance of a pre-buckled beam will be discussed later
in this manuscript for the negative stiffness honeycomb structure models. Furthermore, the
FEM-Linear model was not able to capture the unloading behavior of the pre-buckled
beams (Figure 5). The unloading force threshold was 52 N compared to 20 N in both
experimental beams. The FEM-Piecewise Linear, however, was capable of capturing the
unloading force threshold at 20 N which matched the experimental results.
Residual displacement is one of the important aspects in many civil engineering
applications; however, predicting residual displacement accurately is a challenge [16].
Both FEMs predicted residual displacements of 0.4 mm and 2 mm for the FEM-Linear and
FEM-Piecewise Linear, respectively which were slightly higher than that of the
approximately zero residual displacement obtained during the experimental work.
Figures 6(c) and 6(d) display the input, elastic, and dissipated energy values
calculated using numerical integration of the force-displacement for each FEM. Compared
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to the energy dissipation shown in Figures 6(a) and 6(b), the FEM-Linear and FEMPiecewise Linear predicted 59% and 98% of the average dissipated energy values obtained
during the experimental work of Nylon PA12-01 and Nylon PA12-02 beams, respectively.
Therefore, FEM-Piecewise Linear was capable of accurately predicting the energy
dissipated through the pre-buckled beams.

5.2. NEGATIVE STIFFNESS HONEYCOMB
The developed FEMs in this study captured the general performance of the
experimentally investigated negative stiffness honeycomb samples: Specimen 1 and
Specimen 2 [12] (Figures 10 and 11). The developed FEMs significantly outperformed the
models available in the literature [12], presented in Figure 10, in terms of initial stiffness,
occurrence of loading peak forces, and unloading path.
The specimens behaved geometrically nonlinear during the experimental and FEM
analyses until the specimens reached the first force threshold and one row of the beams
snapped-through displaying negative stiffness and transforming from one stable mode of
buckling to another mode with the second mode of buckling being constrained due to using
the connected double pre-buckled beams and fixed-fixed boundary (Figures 10 and 11).
This was followed by displacement hardening due to engaging the second row of prebuckled beams (Figure 10). Then the same behavior was repeated for each row until
buckling of all four rows of the pre-buckled beams occurred.
Each peak in Figure 10 represents the deformation of one row of pre-buckled beams
in the honeycomb. The first and the third force thresholds of the FEMs corresponding to
the snap-through of the first and third rows of the pre-buckled beams in the honeycomb
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specimens, respectively, were predicted quite well. The first force thresholds in the
honeycomb models were 197 N and 189 N for the FEM-Linear and FEM-Piecewise Linear,
respectively, compared to experimental forces of 193 and 211 N, respectively. This
represented average error values of 3% and 6.5%, respectively. The average error values
in the force threshold of the third peak was 3% and 9% for the FEM-Linear and FEMPiecewise Linear, respectively. The average error values in the force threshold increased
in the second and fourth peaks reaching 20% and 26% for the FEM-Linear and FEMPiecewise Linear, respectively.
Equation 3 [10], a semi empirical equation that was developed to predict the force
threshold of a double beam with constrained second mode of buckling, was used to predict
the strengths of the specimens. Equation 3 predicted a force threshold of 350N which was
73% and 80% higher than the experimental and FEM average force thresholds,
respectively. Therefore, Equation 3 is significantly over predicting the strength of the prebuckled beams. Furthermore, using Equation 2 and considering four beams in each row of
the honeycomb structure yielded a force threshold of 192 N which was 5% and 1% lower
than the experimental and FEM average force thresholds, respectively. It is worth noting
that Equation 2 was proposed to predict the force threshold of single pre-buckled beam
with active second mode of buckling.
Both FEMs predicted the initial stiffness of the investigated negative stiffness
honeycomb structures quite well. The average initial stiffness of the honeycomb models
was approximately 37.5 N/mm which was approximately 4% lower than the average
stiffness experimentally measured value of 39.0 N/mm. Furthermore, the residual
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displacements predicted from models FEM-Linear and FEM-Piecewise Linear was 5
mm and 2.4 mm, respectively, which was higher than that of the experimental result of 2
mm.

(a)

(b)
Figure 10. Force vs. displacement for the negative stiffness honeycomb specimens: (a)
FEM-Linear, and (b) FEM-Piecewise Linear (The experimental results were re-drawn
after Correa et al.[12]).
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The FEM-Linear and FEM-Piecewise Linear models predicted 53% and 65% of
the average energy dissipated by the specimens during the experimental work, respectively
(Figure 12). During the unloading path of the honeycomb, the force threshold of FEMLinear was higher than the experimental results due to the difficulties in addressing the
bounce back behavior in the FEM using the elastic material model. The FEM-Piecewise
Linear accurately predicted, however, the unloading path of the honeycomb structure with
a maximum error of 10% in predicting the average peak loads during the unloading
compared to the experimental results.

(a)
(b)
Figure 11. Deformed shape of the negative stiffness honeycomb structure after first
snap-through: (a) experimental (From Correa et al.[12]), and (b) finite element model.

5.3. STRAINS OF HONEYCOMB STRUCTURE
The FEMs of the negative stiffness honeycomb structures displayed high stress
concentrations at the connections either between the beam and the vertical link members
or between the beam and the end walls with a maximum axial strain of 2.5% (Figure 13).
Equation 7 was developed [10] to determine the ultimate strain of a single pre-buckled
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beam as a function of the geometry of the beam only regardless the used material.
Maximum strain of 5% in the pre-buckled beams in the honeycomb was calculated using
Equation 7, which was as twice as that predicted using the FEMs.

Figure 12. FEM using two different material models for the honeycomb.

𝜀𝑚𝑎𝑥 ≈ 2𝜋 2

𝑡ℎ
𝑙2

Figure 13. Maximum axial strains after the snap through of the first row of beams.

(7)
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6. PARAMETRIC STUDY

The piecewise linear material model was able to capture the main features of the
negative stiffness honeycomb structures and single pre-buckled beams. Therefore, the
model was used to investigate the effects of different parameters including boundary
conditions, Q-value, and single vs double beam configuration on the behavior of a
honeycomb structure having a reference geometry similar to those presented in Figure 8.

6.1. EFFECT OF BOUNDARY CONDITIONS
One of the main parameters affecting the behavior of the negative stiffness
honeycomb structure is the boundary conditions. Changing the boundary conditions affect
the force threshold and the amount of energy dissipated through the system. Five FEMs
were used to investigate different interior and exterior wall thickness (Table 2) and the
results were compared to that of the reference model. The ratio of the exterior wall
thickness-to-that of the interior walls were kept at 2:1 like those used in the reference
prototype.

Table 2. FEMs of negative stiffness honeycomb structures with different wall
thicknesses.
Model
WT-01
WT-02
WT-03
Reference
WT-04
WT-05

Interior wall
thickness (mm)
0.62
1.25
2.50
5.00
7.50
10.0

Exterior wall
thickness (mm)
1.25
2.50
5.00
10.0
15.0
20.0

Exterior wall thickness
Beam thickness
1.00
2.00
4.00
8.00
12.00
16.00
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Changing the wall-to-beam thickness affected the initial stiffness, force
threshold, and energy dissipation of the negative stiffness honeycomb structure.
Decreasing the wall-to-beam thicknesses compared to those used in the reference model
decreased the initial stiffness, force threshold, and energy dissipation compared to the
reference model (Figure 14). For example, the force thresholds for models WT-01, WT-02
and WT-03 were 113, 156 and 176 N, respectively, representing reductions of 40%, 15%
and 5% over those of the reference model. Increasing the wall-to-beam thickness in models
WT-04 and WT-05 beyond a value of eight did not affect the force thresholds of the
specimens (Figure 14 and 15). Therefore, the wall stiffness for the reference model
represent a stiffness threshold that was sufficient to constrain the lateral movement of the
beam and allowed the negative stiffness behavior to occur. Beyond that wall stiffness
threshold, the system is saturated and increasing the wall stiffness did not change the
performance of the system. Therefore, it is recommended to keep the wall-to-beam
thickness at approximately eight in order to achieve the highest force threshold for a given
negative stiffness honeycomb structure (Figure 14b).
Similar to the force threshold, the energy dissipation increased with increasing the
wall-to-beam thickness up to eight, beyond that increasing wall-to-beam thickness did not
affect the energy dissipation of the system. For example, model WT-01which had the
smallest wall-to-beam thicknesses experienced approximately zero tangent stiffness during
the buckling of the fourth row of beams, i.e., the negative stiffness did not occur during
deformation of the fourth row of beams (Figure 15) which affected its energy dissipation
capacity. Other models experienced negative stiffness during buckling of the fourth row of
beams.
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(a)
(b)
Figure 14. Behavior of negative stiffness honeycomb structure with different boundary
conditions: (a) force thresholds and initial stiffness vs external wall thickness, and (b)
force thresholds and energy dissipated vs wall-to-beam thickness ratio.

Figure 15. Effect of boundary conditions on the behavior of negative stiffness
honeycomb structures.

6.2. EFFECT OF APEX HEIGHT-TO-BEAM THICKNESS RATIO (Q)
Six different FEMs (Table 3) were generated to study the effect of Q-values on the
behavior of the honeycomb structure. Q-values were changed by changing the thickness of
the beam. It was recommended to have Q-values greater than 1.5 for a pre-buckled beam
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to exhibit negative stiffness behavior [11]. Therefore, Q-values ranging from 1.50 to
6.25 were investigated in this section.
Changing the Q-values changed the behavior of the negative stiffness honeycomb
structure in terms of negative stiffness occurrence, energy dissipation, force threshold, and
residual displacement. Specimens with Q-values less than 2.0 did not display negative
stiffness behavior. FEM BT-Q1.50 with a Q-value of 1.5 exhibited only positive stiffness
as the force increased monotonically with increasing displacement. The force threshold of
the honeycomb became an accumulative for all the four rows in the honeycomb structure.
Beyond that negative stiffness behavior appeared (Figure 16) and by increasing the Q-value
the negative stiffness became more predominant. FEM BT-Q2.00 with a Q-value of 2.0,
which is higher than the threshold for Q of 1.5, displayed limited negative stiffness regions.
Furthermore, models with Q-values equal to or greater than 2.50, exhibited distinct
negative stiffness regions.
Figure 16(b) shows the amounts of energy dissipated and residual displacement for
negative stiffness honeycomb having different Q-values. The energy dissipation decreased
with increasing the Q-values (Figure 16b) with the specimen having Q-value of 1.5
displayed the highest amount of energy dissipation; however, most of this energy was
dissipated through plastic deformations as the honeycomb did not exhibit any negative
stiffness and the residual displacement represented 35% of the input displacement of the
honeycomb (Figure 16b). Furthermore, the residual displacement decreased with
increasing the Q-values until a Q-value of five. Beyond that value, the residual
displacement increased significantly to approximately 9 mm in Model BT-Q6.25 with a Qvalue of 6.25 as one row of the pre-buckled beams has not recovered its original shape and
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remained deformed in the third mode of buckling. Model BT-Q6.25 also displayed a
significantly low force threshold (Figure 16a) and the energy dissipation decreased by 55%
compared to that of the reference model which has a Q-value of 3.94. Therefore, negative
stiffness honeycomb having Q-values ranging from 2.5 to 5.0 will exhibit negative stiffness
behavior as well as reasonable force thresholds and energy dissipation.

Table 3. FEMs of negative stiffness honeycomb structures with different Q-values.
Model
BT-Q6.25
BT-Q5.00
Reference
BT-Q3.00
BT-Q2.50
BT-Q2.00
BT-Q1.50

Beam thickness
(mm)
0.80
1.00
1.27
1.67
2.00
2.50
3.33

Apex height (mm)

Q = h/t

5
5
5
5
5
5
5

6.25
5.00
3.94
3.00
2.50
2.00
1.50

(a)
Figure 16. Effect of Q-values on the behavior of negative stiffness honeycomb
structure: (a) force vs displacement, and (b) residual displacement and energy
dissipation.
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(b)
Figure 16. Effect of Q-values on the behavior of negative stiffness honeycomb
structure: (a) force vs displacement, and (b) residual displacement and energy
dissipation (Cont.).

6.3. EFFECTS OF SINGLE BEAM VS DOUBLE BEAM HONEYCOMB
STRUCTURE
The purpose of using two double buckled beams connected to each other using a
vertical link member is to constrain the second mode of buckling to ensure the bi-stability
of the beams. The link between the two beams transfers the rotation of one beam to an axial
load in the other one. To examine this assumption, single beam honeycomb FEM was
developed (Figure 17) and examined.
The FEM of the single honeycomb (FEM-SHC) displayed a second mode of
buckling when the honeycomb structure attained its first buckling load (Figure 18b). The
beams deformed in the second mode of buckling due to the rotational motion in each beam
while the double beam honeycomb model snapped through from the first mode of buckling
directly to the third mode of buckling when the beam reached its first buckling load.
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(a)
(b)
Figure 17. Negative stiffness honeycomb models: (a) double beam configuration, and
(b) single beam configuration.

(a)

(b)

Figure 18. Deformed shape of negative stiffness honeycomb structure: (a) double beam
configuration, and (b) single beam configuration.

The force threshold of the single beam honeycomb was lower than the force
threshold of the double beam honeycomb by 53% (Figure 19). The decrease in the force
threshold in the single beam honeycomb was due to decreasing the number of pre-buckled
beams from two to one and also due to the rotational motion in the beams during buckling
from one mode to another. Furthermore, during unloading of the single beam honeycomb,
no bounce back was observed as there was no increase in the force during unloading, unlike
the bounce back occurred in the double beam honeycomb. The energy dissipated values
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through the single beam and double beam honeycomb were 1000 N.mm and 2240
N.mm, respectively. Therefore, while changing from single to double beam approximately
double the force threshold, it increased the energy dissipation by a factor of 2.24 due to the
effect of changing the negative stiffness regions.

6.4. MULTIPLE NEGATIVE STIFFNESS HONEYCOMBS STRUCTURE
The force threshold of honeycomb structure can be tailored for different
applications using different material, geometry of pre- buckled beams, arrangement of prebuckled beams, and/or numbers of honeycomb structures. This section investigated the
effects of using multiple honeycomb structures which were simultaneously loaded, on the
force threshold and energy dissipation levels.
FEMs was developed using two in-parallel honeycomb structures (Figure 20). The
unit structure of the honeycomb structure is similar to those in Figures 8 and 9. The two
honeycombs were placed side by side and loaded in a displacement control using the same
loading plate.
Figure 21 displays the force – displacement relationship of the multiple and single
honeycomb FEMs (FEM-MHC and FEM-Piecewise Linear, respectively). The force
threshold increased linearly with increasing the number of honeycomb units and the FEMMHC yielded a force threshold of 360 N which was approximately double that of the single
honeycomb. However, the unloading force thresholds of both structures were
approximately the same. The amount of energy dissipated in the case of the FEM-MHC
was approximately 5100 N.mm representing 228% of that of the single honeycomb model.
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Therefore, the energy dissipation of a multiple honeycomb structure is slightly greater
than the sum of the energy dissipation of the individual single honeycomb structures.

Figure 19. Double and single beam honeycomb models.

Figure 20. Two-honeycomb structures model (FEM-MHC).

68

Figure 21. Effect of using multiple honeycomb structures.

7. FINDINGS AND CONCLUSIONS

A detailed description of finite element modeling of metamaterial structures with
negative stiffness (MSNS) behavior was developed using LS-Dyna and presented in this
manuscript. The MSNS displayed negative stiffness when snapped through from one stable
mode of buckling to another one. The results of one complete cycle of loading and
unloading of single pre-buckled beams as well as negative stiffness honeycomb structure
were validated with the two sets of experiments: single pre-buckled beams presented in
this study and the honeycomb models available in the literature. Displacement control
loading was used in all the developed models to accurately predict the behavior of the
elements in the loading and unloading paths. The study was extended to investigate the
effect of different parameters such as boundary condition, apex height-to-beam thickness
ratio (Q), constraining the second mode of buckling, and using multiple honeycombs on
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the behavior of negative stiffness honeycomb structures. This study revealed the
following findings and conclusions:


The filament printed beam displayed a premature failure due to delamination
between the different layers of the pre-buckled beam during the transition of the
beam from the first mode of buckling to the third mode of buckling which triggered
high interlaminar shear stress concentrations between the printed layers leading to
breaking the weak bond between them. Such delamination did not occur for the
SLS printed specimens rather the beams successfully snapped through displaying
negative stiffness with high energy dissipation values and minimal residual
displacements.



The SLS printed beams displayed a butterfly effect with a difference of
approximately 20% in their force thresholds. Furthermore, the force threshold
predicted using the equation available in the literature under-predicted the strength
of the SLS printed beams by approximately 24%.



The developed FEMs were able to address the instabilities occurred in pre-buckled
beams at the transition from one mode of buckling to another and hence the
negative stiffness region was accurately captured.



FEMs employed both linear elastic and piecewise linear plastic material models
captured the loading path of the single-beam and honeycomb structures quite well;
however, only the piecewise linear model was capable of capturing the unloading
behavior with a maximum error in predicting average peak force of 1% and 10%,
respectively.
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Changing the boundary conditions by changing the wall-to-beam thickness ratio
had no effect on the occurrence of the negative stiffness, rather it has significant
effects on force threshold and energy dissipation. Increasing the wall-to-beam
thickness ratio for values greater than eight did not affect the force threshold nor
the energy dissipation. However, decreasing that ratio decreased the force threshold
and energy dissipation.



A minimum apex height-to-thickness ratio, Q, of two is required for a pre-buckled
beam to display negative stiffness behavior. Q-values ranging from 2.5 to 5.0
exhibited negative stiffness behavior while displaying minimal residual
displacement as well as reasonable force thresholds and energy dissipation.
Increasing the Q-value to 6.25 resulted in significant reduction in the force
threshold and 55% reduction in the energy dissipation as well as 350% increase in
the residual displacement.



Constraining the second mode of buckling using double pre-buckled beam did not
significantly increase the force threshold per beam; however, it increased the
energy dissipated per beam by 12% compared to that of a single pre-buckled beam.



The force threshold increased linearly with increasing the number of honeycombs.
However, the unloading force thresholds remained constant regardless of the
number of honeycomb structures. However, the amount of energy dissipation is
nonlinearly increased with increasing the number of honeycomb structures.
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ABSTRACT

The behavior of pre-buckled metallic beams was investigated to determine the force
thresholds as well as the maximum strains that occurs in the beams when exhibiting
negative stiffness behavior under quasi-static transverse loading. Maximum strains and
force threshold are the two main parameters for designing pre-buckled beams for different
applications such as damping, energy dissipation, vibration isolation and impact protection.
The investigated pre-buckled beams were manufactured using two materials, Aluminum
7050 and Steel 4140 alloy. The pre-buckled beams were designed using analytical model
and expected to display mono-stable negative stiffness behavior during testing. A total of
14 pre-buckled beams were designed and manufactured using water jetting to be able to
accurately achieve the desired profile of the beams which is essential in exhibiting negative
stiffness behavior. Aluminum 7050 and Steel 4140 alloy were specifically chosen to allow
the pre-buckled beams to deform from one stable mode of buckling to another without any
plastic deformation and hence, ensure that the pre-buckled beams will recover initial shape
and the measured strains will be in the elastic zone of both materials. The actual strains and
force thresholds from experimental testing were compared to the prediction of analytical
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models. No energy dissipation was observed in most of the tested pre-buckled metallic
beams despite exhibiting negative stiffness behavior.
Keywords: Negative Stiffness, Strains, Pre-buckled, Metamaterial, Aluminum, Steel,
Buckling.

1. INTRODUCTION

Investigating man-made engineered structures that can achieve unnatural
mechanical properties became a point of interest in many engineering applications [1-5].
These man-made engineered structures are commonly known as metamaterial systems.
The advancement in the design of metamaterial systems that can exhibit unnatural
properties such as negative poisson’s ratio, negative compressibility, negative stiffness and
negative refractive index [4-7] allowed them to be used in a wide variety of energy [8-10],
seismic [11], and vibration applications [12]. In recent years, the use of pre-buckled
mechanical metamaterials that has the ability to exhibit negative stiffness behavior opened
the door for such elements to be used in energy dissipation applications. Structures
dissipate energy through two main components; elastic energy stored in the structure and
plastic energy [13]. One of the main advantages of negative stiffness elements is their
ability to dissipate the energy through instable behavior during the transition from one
buckled mode to another [9, 14]. Moreover, the ability of such systems to recover to initial
shape after removing the applied load allow the system to be reusable.
Mechanical metamaterials displaying both negative stiffness and negative
poisson’s ratio behavior were investigated by Hewage et al. [15]. A system consists of
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negative poisson’s ratio host assembly stabilizing negative stiffness element was
proposed and modeled analytically. Three alternatives for the negative stiffness elements
were tested in the host assembly over a certain range of strains under quasi-static loading
in order to show how the composite structure can display simultaneous reversal in the
direction for both axial and transverse dimensions based on the negative stiffness and
negative poisson’s ratio values. Global strain in the negative stiffness elements contributed
in the overall behavior of the composite. Such composite system showed the ability to
enhance properties such vibration damping which can be applied in many transport,
defense and space sectors applications.
Vibration damping is also a major challenge in different engineering applications
such as civil and military vehicles, aircrafts and ship vessels [3, 16, 17]. Composite material
systems that have different combinations between high stiffness and vibrational damping
capabilities are used in such applications. Cortes et al. [12] experimentally investigated a
composite system that consists of pre-buckled beam in a polymer matrix to determine the
overall stiffness and energy dissipation of the composite system under uniaxial
compression. The combination of the negative stiffness structure (pre-buckled beam) and
the matrix was aimed to increase the stiffness and energy absorption of the system. An
estimation for the maximum strain values occurred in pre-buckled beam was used in the
design. The study concluded that the negative stiffness matrix enhanced stiffness with
improving energy dissipation by accurately matching the stiffness of the pre-buckled beam
with stiffness of the matrix.
Qiu et al. [18] proposed a prefabricated curved beam that represent the profile of
an equivalent pre-buckled beam as shown in Figure 1. The beam can exhibit negative
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stiffness behavior when subjected to transverse loading at it tends to transfer from one
stable mode of buckling to another experiencing instabilities through which negative
stiffness region exists. The profile of the pre-buckled beam is given by Equation (1) where
w(x) is the beam’s height from a horizontal datum connecting both ends of the beam, X is
the horizontal distance from the left origin, t is the beam thickness, h is the apex height of
the beam at the mid-span and Li is the beam’s span. The geometry parameters are shown
in Figure 1. The proposed pre-buckled beam exhibit negative stiffness behavior if subjected
to transverse loading and will be able to recover its initial configuration after releasing the
applied load without the need of applying any external loads to return the beam to its initial
configuration which is known by mono-stability. The advantage of recovering initial beam
configuration is important in many applications and to allow the re-usability of the system
for multiple loading cycles.

𝑤(𝑥) =

ℎ
𝑥
[1 − 𝑐𝑜𝑠 (2𝜋 )]
2
𝑙

(1)

Figure 1. Geometry and dimensions of metallic pre-buckled beam.

One of the main parameters controlling the negative stiffness behavior in the beam
is the apex height (h) to beam thickness (t) ratio (Q). Qiu et al. proposed a Q ratio limit of
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2.31, below which the beam is expected to show mono-stable behavior and above this
limit, the beam may show bi-stable behavior in which the beam remains buckled in the
other direction even after removing the applied load. However, having a Q values lower
than 2 may result in positive stiffness behavior only [9, 19, 20]. In order to design a prebuckled beam that can exhibit negative stiffness, maximum strain during deflection must
be withheld within the yield zone of the material. Equation (2) is proposed to predict an
estimate value for the maximum strain of the beam during the transition from one buckling
mode to another [18]. The maximum strain is expected to be only at the ends of the beam
[12]. Due to the large displacement occurs during the deflection of the beam, very high
strain values are expected and hence, choosing high yield strain material is essential to
maintain the functionality and the ability of the designed beam to recover initial
configuration and be reusable.

𝜀𝑚𝑎𝑥 ≈ 2𝜋 2

𝑡ℎ
𝑙2

(2)

Ha et al. [8] proposed a multiple tetra beam lattice that exhibit energy absorption
through negative stiffness behavior when snapping from one position to another. The lattice
was manufactures using 3D selective laser sintering. The multiple tetra beams experienced
large deflection which resulted in geometric nonlinearity and hence existence of negative
stiffness behavior. The design criteria of the tetra beams unit were based on the beam
slenderness ratio and the inclined angle. The performance of energy dissipation capacity
as well as the force threshold of the lattice unit was tailored using the design criteria.
Material properties such as Young’s modulus, yield stress and yield strain were essential
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to predict the behavior of the tetra beams. Experiencing high strain values in the tetra
beam that exceed the yield strain would lead to plastic deformation in the lattice and affect
the lattice ability to recover initial shape. Cyclic loading and unloading were applied to the
lattice as well as drop test to investigate the lattice ability to absorb energy. The tested
lattice was able to snap through and exhibit negative stiffness behavior and produced lower
rebound heights in the drop testing.
One of main factors limiting the energy maximization in pre-buckled beams is the
material yield stress and strain [19]. When pre-buckled beams are compressed using
transverse loading, the material stress increases up to the stress threshold of the beam, at
any level where this stress exceed the yield stress of the beam, plastic buckling deformation
will occur. The yield strength of the material is quantified by the elongation at yield and
hence, the beam can be designed with factor of safety to not exceed the yield strain. Correa
et al. [19] experimentally tested a negative stiffness honeycomb unit which consists of two
columns and four rows of pre-buckled beam manufactured using selective laser sintering
with Nylon material. An estimation of the maximum strain that is expected in pre-buckled
beam by Qiu et al. [18] was used to design the negative stiffness honeycomb unit. However,
no actual strains were measured during the experimental testing of the honeycomb unit to
verify the actual strains occurred in the beams during the transition from one mode of
buckling to another. Predicting higher values of strains than the actual in the pre-buckled
beams and adding a safety factor will result in lower limitation of the energy dissipation
and force thresholds of the pre-buckled beam.
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2. RESEARCH SIGNIFICANCE

Predicting actual strains values is one of the major parameters in designing prebuckled beams and hence, accurate prediction is essential to reach the desired negative
stiffness behavior of the beams. Most of the recent studies depend on the proposed equation
to predict the maximum strain that will occur in the beams for design [9, 12, 14, 19].
However, there is a lack of information about the validity of the equation with respect to
the apex height-to-beam thickness ratio Q limits. This study is focused on measuring actual
strains that occurs in pre-buckled beams that has the ability to exhibit negative stiffness
behavior under quasi-static transverse loading. Aluminum 7050 and Steel 4140 alloy were
chosen due to their high yield strain. The strain values during the transition of the beam
from one mode of buckling to another passing through the negative stiffness region will be
discussed. A comparison between the actual strain’s values measured from 14 different
pre-buckled beams with the predicted values from the analytical equation will be presented.
Also, the force thresholds and the change in the strain gauges with respect to the second
mode of buckling will be explained.

3. EXPERIMENTAL WORK

3.1. MATERIAL TESTING
The pre-buckled beams were manufactured using two different materials:
Aluminum 7050 and Steel 4140 alloy. Both materials have a high yield strain which was
necessary to ensure that the beams will remain the elastic range during testing. The
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properties of both alloys were determined, per ASTM E8/E8M [21], by testing three
replicate coupons (Figure 2) from each material. A strain gauge and a 50 mm extensometer
were attached to the middle span of each coupon. The aluminum reached a yield stress of
approximately 470 MPa and a yield strain of 0.88% (Table 1 and Figure 3) while one of
the steel alloy coupons prematurely failed at a stress of 700 MPa due to slight imperfection
in the coupon and the other two coupons reached an average yield stress of 870 MPa and
yield strain of 0.47% (Table 1 and Figure 3). The ultimate strains for the aluminum and
steel coupons were 8.7% and 10.5%, respectively.

Table 1. Summary of material properties of Aluminum 7050 and Steel 4140.
Property

Aluminum 7050

Steel 4140

Young’s modulus (E) MPa

53000

185000

Yield strain (%)

0.88

0.47

Density (D) kg/m3

2820

7750

Poisson’s ratio (PR)

0.33

0.33

Ultimate strain (%)

8.70

10.5

(a)
(b)
Figure 2. Aluminum and Steel coupons: (a) Dimensions, and (b) Testing.
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(a)

(b)

Figure 3. Stress-Strain curves for: (a) Aluminum 7050, and (b) Steel 4140 alloy.

3.2. GEOMETRY
Seven pre-buckled beams were designed following Equation 1 to investigate the
performance of pre-buckled beams having apex height-to-beam thickness ratios (Q) ranging from
2 to 8 (Figure 4 and Table 2). All pre-buckled beams except ASQS, ASQL, SSQS and SSQL, were
manufactured with Q values greater than 2 which was a recommended value to ensure negative
stiffness behavior of pre-buckled beams [9, 18, 19, 22]. Therefore, those four specimens were
anticipated not to display negative stiffness behavior and were investigated to quantify the
difference in maximum strains in pre-buckled beams with and without negative stiffness behavior.
The beams were designated as short, medium, and long spans with clear spans of 100 mm, 150
mm, 250 mm, respectively (Table 2). Both the long and short span pre-buckled beams had similar
Q values to study the size effect on the maximum strains and force thresholds of the beams. The
side walls thickness was kept six times the pre-buckled beam thickness for all beams to ensure the
fixation of the beams during deformation from one mode of buckling to another (Table 2).
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(a)
(b)
Figure 4. Pre-buckled metallic beams: (a) Modeled Profiles, and (b) Aluminum prebuckled beams specimens.

Table 2. Dimensions of the aluminum and steel pre-buckled beams.

Specimen

ASQS
AMQS
ALQS
AMQM
ASQL
AMQL
ALQL
SSQS
SMQS
SLQS
SMQM
SSQL
SMQL
SLQL

Pre-buckled Beam Profile
Apex
Beam
Q
Height h Thickness t

Length
(Li)

Side Wall
Thickness

mm

mm

mm/mm

mm

mm

1.50
3.00
4.00
4.50
4.00
7.25
10.00
1.50

0.75
0.65
0.50
1.00
2.00
1.75
1.25
0.75

2.00
4.60
8.00
4.50
2.00
4.14
8.00
2.00

100
100
100
150
250
250
250
100

4.5
4.0
3.0
6.0
12
10.5
7.5
4.5

3.00

0.65

4.60

100

4.0

4.00

0.50

8.00

100

3.0

4.50

1.00

4.50

150

6.0

4.00

2.00

2.00

250

12

7.25

1.75

4.14

250

10.5

10.00

1.25

8.00

250

7.5

Material

Aluminum
7050

Steel 4140
Alloy
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The beams were manufactured from the Aluminum 7050 and Steel 4140 alloy plates,
using water jetting to accurately achieve the desired profile; therefore, a total of fourteen beams
were manufactured (Table 2). Specimens manufactured with the aluminum and steel were
designated using letters A or S, respectively, followed by letters SQ, MQ or LQ for small, medium
and large Q values followed by S, M or L for short, medium, and long spans respectively.

3.3. SPECIMENS PREPARATION AND TESTING
Six strain gauges were attached to the ends, quarter, and mid-span next to the vertical link
of each beam (Figure 5). The location of the attached strain gauges were chosen based on the
location of the expected maximum strains during the transition of the beam from one mode of
bucking to another [22]. High caution was taken during the surface preparation of pre-buckled
beams to attach the strain gauges without reducing the thickness of the beams.

(a)

(b)
Figure 5. Location of the strain gauges on the beams: (a) Drawings, and (b) A
specimen ready for testing.
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The beams were tested under a quasi-static transverse loading using a 5000 N
Instron dual column 5965 machine (Figure 6a). Each specimen was loaded in a
displacement control at a rate of 5 mm/min to a total displacement of double the apex height
to ensure that the beam was deformed from the initial shape to the opposite buckling mode
and then the beams were fully unloaded at the same loading rate (Figure 6b). Five complete
cycles of loading and unloading were applied to each specimen to investigate the plastic
deformation if any that occur after each cycle and how the force threshold of the beams
and the maximum strains change with loading cycles.

(a)

(b)

Figure 6. Testing of the pre-buckled beams: (a) Before testing, and (b) During testing.

4. RESULTS AND DISCUSSION

4.1. DEFORMED SHAPE OF PRE-BUCKLED BEAM SPECIMENS
4.1.1. Aluminum. Deformations of all beams were captured using high resolution
camera to follow the different modes of buckling that occurred during testing (Figure 7).
Specimens ASQS and ASQL, with Q value of 2, were deformed from the first mode of
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buckling (initial configuration) to the third mode of buckling without passing through
the second mode of buckling during this transition (Figures 7a and 8a). Both specimens
were not expected to display the second mode of buckling as their Q value was smaller
than the minimum recommend Q value. Additionally, both specimens did not exhibit
negative stiffness behavior.
For specimens AMQS and ALQS with Q values of 4.6 and 8 respectively, the
second mode of buckling was observed during the deformation from the first mode of
buckling to the third mode of buckling (Figure 7a). For large scale specimens, AMQL was
deformed without observing the second mode of buckling, however ALQL experienced a
second mode of buckling during deformation as shown in Figure 8(a). Specimens AMQL
and ALQL were designed with Q ratios of 4 and 8 respectively and exhibited negative
stiffness behavior during testing.
Specimen AMQM was designed with Q value of 4.5 which forced the beam to
exhibit negative stiffness behavior during testing, however, the beam did not experience a
second mode of buckling during the transition from one buckling mode to another (Figure
7a).
4.1.2. Steel. Steel specimens SSQS, SMQS and SMQM were deformed without
any second mode of buckling observed during the transition (Figure 7b). SSQS was
designed was low value of Q similar to Aluminum ASQS specimen and hence, no negative
stiffness behavior existed. Despite the fact that both specimens AMQS and SMQS were
designed with the same apex height-to-beam thickness ratio of 4.6, AMQS experienced
second mode of buckling while SMQS did not. The cause of this error was that AMQS
specimen actual thickness was found to be 0.55mm instead of 0.65mm with 0.1mm error
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in the manufacturing process which resulted in Q ratio of 5.5 which is higher than the
designed Q value of 4. Specimen SLQS experienced a second mode of buckling similar to
the same aluminum specimen ALQS as shown in Figure 7(b). The un-deformed shape and
deformed shape of small and medium scale Steel specimens is presented in Figure 7(b).

(a)

(b)

Figure 7. Un-deformed and deformed shape of pre-buckled beams: (a) Aluminum
specimens, and (b) Steel specimens.

Steel specimen SMQL with a Q value of 4.1 similar to AMQL, did not experience
the second mode of buckling, however, the specimen exhibited negative stiffness behavior.
For SLQL specimen, a clear second mode of buckling was observed, and the beam
exhibited negative stiffness behavior. Deformation of SSQL specimen was similar to
ASQL specimen without any negative stiffness behavior and without passing through
second mode of buckling. Specimens with higher values of apex height-to-beam thickness
ratio Q (ALQS, SLQS, ALQL and SLQL) experienced second mode of buckling which
showed that the probability of the pre-buckled beam to experience the second mode of
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buckling is high in the case of using Q ratio of 8. Such conclusion showed why specimen
AMQS experienced a second mode of buckling as the actual Q ratio after manufacturing
was 5.5 which is higher compared to the designed Q value by 38%.

(a)

(b)
Figure 8. Un-deformed and deformed shape of pre-buckled beams: (a) Aluminum
specimens (ASQL, AMQL, and ALQL), and (b) Steel specimens (SSQL, SMQL, and
SLQL).
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The deformation of all aluminum specimens followed the same pattern during
unloading. No change in the second mode of buckling during unloading was observed for
Aluminum specimens. For the Steel specimens, the deformation during unloading was
similar to the loading except for SLQS specimen. During unloading of SLQS specimen,
the second mode of buckling was reversed from compressing the left side during the
loading to compressing the right side during unloading which affected the strain readings
in the middle of both sides. This change was occurred only in the first cycle and was not
observed in the remaining loading and unloading cycle. Such change in the deformation
may be attributed to initial imperfections in the specimen as ALQS specimen did not
experience such change during loading and unloading. This change significantly affected
the force threshold of the SLQS specimen and resulted in higher plastic deformation as
shown in Figure 9(c).

4.2. FORCE THRESHOLDS OF PRE-BUCKLED BEAM SPECIMENS
AMQS and SMQS specimens exhibited negative stiffness behavior after reaching
a force threshold of 5.2N and 54.5N respectively. The difference in the force threshold was
attributed to the change in the material properties between the Aluminum 7050 and Steel
4140 alloy. As mentioned before, the actual Q ratio of AMQS is 5.5 which resulted in
shifting the displacement at which the force threshold occurs to 3mm compared to
displacement of 1.5mm in SMQS specimen. Also, a small plastic deformation was
observed in AMQS specimen after the first loading and unloading cycle which resulted in
small energy dissipation during the first cycle as shown in Figure 9(b). Unlike SMQS
specimen which had zero plastic deformation and zero energy dissipation as the loading
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and unloading curves coincided over each other. The force threshold predicted from the
analytical equation for AMQS and SLQS was 11N and 65N respectively.
Specimen SLQS reached a force threshold of 55N during the first loading cycle
then exhibited negative stiffness behavior. A 25% drop in the force threshold was observed
in the second loading cycle due to change in the deformed shape of the beam with respect
to the first cycle. Due to such drop, the beam had a 6% plastic deformation which affected
the remaining cycles as shown in Figure 9(c). For ALQS, the maximum force threshold
was 19N and there was no plastic deformation and hence, almost zero energy dissipation
was observed during the five cycles of loading and unloading the specimens.
Both AMQM and SMQM were designed with a Q ratio of 4.5 and exhibited
negative stiffness behavior after reaching a force threshold of 34N and 89N respectively.
Both specimens reached the force threshold at a displacement of 3.5mm which represented
39% of the total displacement of the specimen. No energy dissipation due to negative
stiffness behavior was observed in either of the two specimens and they remained fully
elastic with no plastic deformation in SMQM and 2% plastic deformation in AMQM
(Figure 9d). Similar behavior was observed in AMQL and SMQL but with force thresholds
of 55N and 146N respectively. The force threshold in both specimens occurred around
5mm displacement which represented 35% of the total displacement of the specimens
(Figure 9e).
During testing of ALQL and SLQL, a sudden drop in the force was observed in
both specimens which was due to the sudden change from the fist mode of buckling to the
second mode of buckling. This drop was 33% for SLQL and 35% for ALQL. The force
threshold of SLQL and ALQL was 122N and 40N respectively (Figure 9f). The main cause
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of such drop is due to the high apex height-to-beam thickness ratio of 8 in both
specimens. Moreover, similar drop in the force was observed in ALQS and SLQS
specimens which were also designed with Q ratio of 8 (Figure 9c). It can be concluded that
the overall behavior of Aluminum and Steel pre-buckled beams did not show energy
dissipation resulted from the negative stiffness region except couple of beams that
dissipated small amount of energy by plastic deformation resulted from initial imperfection
in the beams.

𝐹 ≈ 4.18𝜋 4

𝐸𝐼ℎ
𝑙3

(3)

Qiu et al. [18] proposed Equation 3 to estimate the force threshold of pre-buckled
beam that is expected to exhibit negative stiffness behavior when transferred from one
mode of buckling to another. The equation considered a straight beam subjected to axial
force that transferred the beam to the first mode of buckling and hence, achieved the prebuckled beam profile. This equation considers an active second mode of buckling during
the deformation of the beam under transverse loading. The main parameters in the equation
are the young’s modulus (E) of the material, inertia (I), apex height (h) and length of the
pre-buckled beam (l). The force threshold obtained from experimental testing of different
specimens with different Q values that displayed negative stiffness behavior when
transferred from one mode of buckling to another was compared to the force threshold
calculated from Equation (3) as shown in Figure (9). It must be noted that Equation (3) is
valid only when negative stiffness behavior is expected.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 9. Force vs displacement of Aluminum and Steel pre-buckled beams: (a) ASQS,
SSQS, ASQL and SSQL specimens, (b) AMQS and SMQS specimens, (c) ALQS and
SLQS specimens, (d) AMQM and SMQM specimens, (e) AMQL and SMQL
specimens, and (f) ALQL and SLQL specimens.
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Equation (3) under predicted the force threshold of specimens with high Q values
of 8 in which a second mode of buckling was observed. The prediction was lower by an
average of 25% in Steel pre-buckled beams SLQS and SLQL, while it was 35% in
Aluminum pre-buckled beams ALQS and ALQL. All of these four specimens had an apex
height-to-beam thickness ration Q of 8. On the other hand, for specimens with Q ratio close
to 4, the equation over predicted the force threshold by 25% for the Steel specimens and
predicted very close force thresholds for the Aluminum specimens with maximum
difference of 6%. Table 3 summarize the force thresholds for all Aluminum and Steel
specimens calculated from analytical equation and measured from experimental testing
with noting whether the second mode of buckling was existed or not. No comparison was
made for ASQS, ASQL, SSQS and SSQL specimens as they did not exhibit negative
stiffness behavior during testing due to having a low Q ratio of 2. It can be concluded that
Equation (3) under predicted the force threshold of specimens with higher Q values of 8
by average 30% and over predicted the force threshold of specimens with lower Q values
of 4 by average 25% (Figure 10).

Figure 10. Force threshold of different Q ratios from experimental and analytical
results for Steel and Aluminum specimens.
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Table 3. Force threshold of Aluminum 7050 and Steel 4140 alloy pre-buckled beams
from analytical and experimental results.
Second
Difference (%)
Mode of
Buckling
ASQS
2.0
N/A
N/A
N/A
Nonexistent
AMQS
5.5*
11
5.2
+ 110 %
Existent
ALQS
8.0
12
19
- 38 %
Existent
AMQM
4.5
32
34
-6%
Nonexistent
ASQL
2.0
N/A
N/A
N/A
Nonexistent
AMQL
4.1
58
55
+5%
Nonexistent
ALQL
8.0
29
40
- 27 %
Existent
SSQS
2.0
N/A
N/A
N/A
Nonexistent
SMQS
4.6
64.6
54.5
+ 18 %
Nonexistent
SLQS
8.0
39.2
55
- 29 %
Existent
SMQM
4.5
104.6
89
+ 18 %
Nonexistent
SSQL
2.0
N/A
N/A
N/A
Nonexistent
SMQL
4.1
195
146
+ 34 %
Nonexistent
SLQL
8.0
98
122
- 20 %
Existent
N/A refer to that the specimen did not exhibit negative stiffness behavior and hence no
force threshold
*AMQS actual thickness was 0.55mm and hence Q is 5.5
Analytical Experimental
Specimen Q Ratio
Force (N)
Force (N)

4.3. MAXIMUM AND MINIMUM STRAINS
A total of six strain gauges were attached to each of the investigated beams to
measure the strains during the deformation of the beam from one buckling mode to another
and compare the measured maximum strains in the beams with different Q values with the
analytical predictions. The strain measurements were plotted versus time for two
consecutive cycles to show the change happened in the strain readings during loading and
unloading as well as the change in the readings between the first and second cycle (Figure
11). The strains in the remaining cycles for all specimens remained very similar to the
second cycle and are not presented. The displacement of each specimen was plotted on
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each graph using a secondary Y-axis to be able to follow the change in the strain with
the global displacement of the beam.
Strain readings for ASQS, SSQS, ASQL and SSQL specimens with Q ratio of 2
were linear with increasing the displacement during loading of the specimen. The
maximum strain in these specimens occurred at the ends of each beam as well as near the
vertical link member that transfer the load from the upper loading plate to the beam. The
strain at the mid-span of each side of the beam (L2 and R2) was minimal compared to the
previous locations (Figure 11a and 11b). This was due to the deformation of the beam from
one mode of buckling to another without experiencing any second mode of buckling nor
negative stiffness behavior. The maximum strain measured from ASQS, SSQS, ASQL and
SSQL was 2500, 2000, 2700 and 2600 µstrain respectively (Figures 11a, 11b, 12a and
12b).
AMQS specimen experienced a second mode of buckling during deformation as
discussed before and such behavior was clearly reflected on the strain reading of AMQSL2 and AMQS-R2 as shown in Figure 11(c). The strain readings of AMQS-L2 was three
times the reading of AMQS-R2 which is on the left half of the beam which shows the effect
of the second mode of buckling on the strain reading. AMQS-L2 reached a maximum strain
of 3600 µstrain which is higher compared to the strain at edges and near the vertical link
member. Despite that specimen AMQS and SLQS were designed with the same Q ratio
4.6, specimen AMQS actual Q ratio was 5.5 due to the reduction of beam thickness from
initial imperfections which mainly caused such change in the strains and existence of the
second mode of buckling. No second mode of buckling occurred in specimen SMQS and
the maximum strain reached was 4000 µstrain at the edges and near the vertical link
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member (Figure 11d). Minimal strains occurred at the mid-span of each side of the beam
(L2 and R2) in SMQS specimen.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 11. Strain measurements of Aluminum and Steel pre-buckled beams: (a) ASQS,
(b) SSQS, (c) AMQS, (d) SMQS, (e) ALQS, and (f) SLQS.
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Similarly, specimens AMQL and SMQL with Q ratio of 4.1, the second mode of
buckling did not exist and the strains at the mid-span of each side of the beam (L2 and R2)
were very low compared to the maximum strain which was 4450 µstrain for AMQL and
4250 µstrain for SMQL at the edges and near the vertical link member (Figures 12c and
12d).
ALQS and SLQS specimens with Q ratio of 8, exhibited negative stiffness behavior
and second mode of buckling exists. In ALQS specimen, strain gauge ALQS-L2 readings
were negative which indicated being in tension since during the second mode of buckling,
the left half of the beam was in tension and the right side was in compression as shown in
Figure 11(e). There was a data recording problem with two strain gauges (R2 and R3) that
were attached to ALQS specimen and their reading were not recorded. The strain readings
at the mid-span of each side of the beam (L2 and R2) in ALQS and SLQS specimens were
1850 µstrain and 2300 µstrain respectively. Those strains value are much larger compared
to the strains recorded at the mid-span of each side of the beam in pre-buckled beam with
Q ratio of 4 which means that with increasing the Q ratio, the probability of experiencing
the second mode of buckling increases and hence the strains at the mid-span of each side
of the beam will not be minimal.
Similar behavior of ALQS and SLQS specimens was observed in ALQL and SLQL
specimens as all of those specimens had the same Q ratio of 8. There was a high similarity
in the behavior of ALQL and SLQL as both exhibited the second mode of buckling during
deformation. The maximum strain in ALQL and SLQL specimens was 4750 µstrain and
4900 µstrain respectively and occurred at the edges of the beam and near the vertical
member. However, the strain at the mid-span of each side of the beam was 3500 µstrain
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and 2600 µstrain for ALQL and SLQL respectively which represented 75% and 54% of
the maximum strain.

(a)

(b)

(c)

(d)

(e)
(f)
Figure 12. Strain measurements of Aluminum and Steel pre-buckled beams: (a) ASQL,
(b) SSQL (c) AMQL, (d) SMQL, (e) ALQL, and (f) SLQL.
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The change in the second mode of buckling in specimen SLQS between the first
and second cycle resulted in reversing the strains in the beam as shown in Figure 13(b).
Strain gauge SLQS-L2 reached a maximum compression value of 2200µstrain during the
loading of specimen in the first cycle, then it was reversed to a maximum tension value of
3150µstrain during unloading the specimen. In the second cycle, the second mode of
buckling was reversed from the left side of the beam to the right side as mentioned before
in the deformation section which resulted in maximum tension strain of 3200µstrain during
both the loading and unloading of the specimen in the second cycle. Such change in the
maximum strain may result in permanent deformation and affect the reusability of the
system if not considered in design. It must be noted that the second mode of buckling
remained the same for the remaining cycles of loading and unloading. Such change can be
avoided by performing initial cycle of loading and unloading. By comparing L2 readings
in both ALQS and SLQS specimens, both started to measure tension strains during the
loading of the first cycle, while during unloading of the first cycle, ALQS-L2 measured
tension strains while SLQS-L2 was reversed to measure compression strains due the
change in the shape of the second mode of buckling that occurred in SLQS specimen.
Table 4 summarize the maximum strains measured from the 14 Aluminum and
Steel pre-buckled beams measured from the experimental testing as well as the maximum
strains calculated using Equation (2) proposed by Qiu et al. [18]. For specimens ASQS,
SSQS, ASQL and SSQL that were designed with Q ratio of 2 and did not exhibit negative
stiffness behavior, maximum strain readings were compared with the analytical prediction
using Equation (2) and the average difference was 8% which indicated that Equation (2)
accurately predict the maximum strain for those specimens (Figure 14a).
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(a)

(b)

Figure 13. Comparison between strain measurements of Aluminum and Steel prebuckled beams: (a) AMQS and SMQS, and (b) ALQS and SLQS.

Table 4. Maximum strains in Aluminum 7050 and Steel 4140 alloy pre-buckled beams
from analytical and experimental results.
Specimen

Q Ratio

Analytical Max.
Strain (µstrain)

Experimental Max.
Strain (µstrain)

ASQS
2.0
2200
AMQS
5.5*
3300
ALQS
8.0
3900
AMQM
4.5
3900
ASQL
2.0
2500
AMQL
4.1
4000
ALQL
8.0
3900
SSQS
2.0
2200
SMQS
4.6
3800
SLQS
8.0
3900
SMQM
4.5
3900
SSQL
2.0
2500
SMQL
4.1
4000
SLQL
8.0
3900
*AMQS actual thickness was 0.55mm and hence Q is 5.5

2500
3600
5500
4300
2700
4450
4750
2000
4000
4500
4600
2600
4250
4900

Difference
(%)
-13%
-9%
-30%
-10%
-8%
-11%
-18%
+10%
-5%
-14%
-18%
-4%
-6%
-30%

For pre-buckled beam with apex height-to-beam thickness ratio Q close to 4, the
analytical estimation of the maximum strain on beams was greater than the actual
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maximum strain measured from experimental testing by an average of 10%. While, for
pre-buckled beam with apex height-to-beam thickness ratio Q close to 8, the analytical
estimation of the maximum strain on beams was greater than the actual maximum strain
measured from experimental testing by an average of 20%. This indicates that whenever
the beam experience second mode of buckling, the maximum strains increased compared
to the beams that does not pass through the second mode of buckling during deformation.

𝜀𝑚𝑎𝑥 ≈ 2𝛼𝜋 2

(a)

𝑡ℎ
𝑙2

(4)

(b)

Figure 14. Comparison between experimental and analytical maximum strain for
different Q ratios: (a) Analytical prediction using Equation 2, and (b) Analytical
prediction using Equation 4.

Based on the maximum strain measurements, modification factor (α) is proposed
to account for these differences as shown in Equation (4). The modification factor (α) is
equal to 1.1 when the Q ratio is equal to 4 and equals to 1.2 when the Q ratio is equal to 8
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and in between it increases linearly with increasing the Q value. Figure 13(b) shows a
comparison between the experimental results and the modified analytical prediction.

5. CONCLUSIONS

A total of 14 metallic pre-buckled beams were designed and manufactured from
Aluminum 7050 and Steel 4140 alloy to investigate the behavior of such beams under
quasi-static transverse loading and to determine the force thresholds as well as the
maximum strains occurs. Maximum strains and force threshold are the two main
parameters for designing pre-buckled beams for different applications. The pre-buckled
beams were designed using analytical model with different apex height-to-beam thickness
ratios Q. Aluminum 7050 and Steel 4140 alloy were specifically chosen to allow the prebuckled beam to deform from one stable mode of buckling to another without any plastic
deformation and hence, ensure that it will recover initial shape and the measured strains
will be in the elastic zone of both materials. The actual strains and force thresholds were
compared with the prediction of analytical equations. This study revealed the following
findings and conclusions:


All of the tested metallic pre-buckled beams with apex height-to-beam thickness
ratio Q greater than 2 exhibited negative stiffness behavior. Beams with apex
height-to-beam thickness ratio Q of 2 showed only positive stiffness behavior.



In the majority of the tested beams, the force threshold occurred at displacement
ranging from 30% to 40% of the total displacement of the beam after which the
beam experienced negative stiffness region.
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Specimens with Q ratio close to 4, exhibited negative stiffness behavior
without experiencing second mode of buckling while increasing the Q ratio to 8
resulted in experiencing second mode of buckling during the deformation of the
beams from the first mode of buckling to the third mode of buckling.



All of the tested metallic pre-buckled beams experienced almost zero energy
dissipation despite exhibiting negative stiffness behavior since metals in general
are not viscoelastic materials and hence their capability to dissipate energy by
deformation from one shape to another is very limited.



Beams with high Q ratio close to 8 will experience second mode of buckling and
the maximum strain in the mid-span of each half of the beam will become similar
or even larger than the strains at the edges of the beam and near the vertical link
member.



Force thresholds resulted from metallic pre-buckled beams are much lower when
compared to pre-buckled beam manufactured from high strain plastics such as
Nylon PA12. This is mainly due to the lower values of the yield strain that the
metallic materials can reach compared to that of high strain plastics.



Using metallic pre-buckled beam have a limitation for the force threshold which
is a drawback for such type of materials to be used in infrastructure application
which requires higher levels of force thresholds and energy dissipation.



In specific applications such as structural applications, an initial loading cycle
has to be performed to ensure that there is no plastic deformation will occur
which may be resulted from initial imperfections that will affect the required
force threshold.
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For pre-buckled beam with apex height-to-beam thickness ratio Q close to 4,
the analytical estimation of the maximum strain on beams was greater than the
actual maximum strain measured from experimental testing by an average of
10%. While, for pre-buckled beam with apex height-to-beam thickness ratio Q
close to 8, the analytical estimation of the maximum strain on beams was greater
than the actual maximum strain measured from experimental testing by an
average of 20%.



Modification factor (α) was proposed to achieve accurate analytical prediction of
the maximum strain. This modification factor is equal to 1.1 when the Q ratio is
equal to 4 and equals to 1.2 when the Q ratio is equal to 8 and in between it
increases linearly with increasing the Q value.
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ABSTRACT

Mechanical metamaterial systems that can exhibit negative stiffness behavior
became a point of interest for use in different energy dissipation applications. Negative
stiffness metamaterial elements dissipate energy by transferring from one mode of buckling
to another. Such elements are designed to remain elastic during deformation and hence, all
the energy is dissipated through nonlinear elastic behavior. Additionally, the ability of such
elements to recover the initial geometry exists and can be reusable for multiple loading
cycles. In this paper, a negative stiffness metamaterial shell that has the ability to achieve
high force thresholds and high energy dissipation levels is presented. Metamaterial shell
prototypes were manufactured from Nylon PA12 using selective laser sintering (SLS). The
profile of shells was developed based on the profile of pre-buckled beams that can exhibit
negative stiffness behavior. Shell prototypes were tested experimentally under quasi-static
transverse loading to investigate the behavior of such elements. Different shell profiles
were tested to optimize the amount of energy dissipated as well as the force threshold of
the shell. Finite element modeling (FEM) using LS-Dyna was carried out to predict the
force threshold, energy dissipation and plastic deformation in the shell. The FEM results
were validated with experimental testing. An equivalent nonlinear spring model was
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proposed to simplify and facilitate the simulation of the behavior of negative stiffness
metamaterial elements in large structural models.
Keywords: Negative stiffness, metamaterial, shells, spring, energy dissipation, buckling,
snap-through.

1. INTRODUCTION

Behavior of Metamaterials elements became a point of interest in many research
fields due to their ability to exhibit properties does not exist normally in nature. These
materials are engineered to exhibit unusual mechanical properties according to the desired
behavior such as negative stiffness [1-6], negative poison’s ratio [7, 8] and negative
compressibility [9-11]. Such elements were used in many applications like sound and
vibration damping in mechanical systems [12], energy dissipation systems [1, 13-18] and
seismic protection of structures [19], and energy harvesting systems [20, 21]. Metamaterial
systems has the potential to be used in structural engineering applications if they are
designed to meet the demand force threshold and energy levels. The elastic instabilities of
such systems according to their pattern can be triggered by certain designed force threshold
in order to exhibit the desired behavior. This study is focused on metamaterial systems that
can exhibit negative stiffness behavior and the possibilities of using such systems as energy
dissipation systems in structural applications.
Energy dissipation is a key feature required in numerous structural engineering
applications; however, most of the currently used systems for energy dissipation rely on
nonlinear inelastic deformations and hence accumulate severe damage [22]. Negative
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stiffness metamaterial elements, however, are designed to dissipate energy by
deforming from one shape to another without experiencing permanent deformations [15,
16, 23]. For example, a pre-buckled beam that has the ability to dissipate negative stiffness
behavior was introduced by Qiu et al. [2]. The pre-buckled beam represents a straight beam
subjected to axial compression and was designed to exhibit negative stiffness region during
transition from one stable mode of buckling to another when subjected to transverse
loading. The pre-buckled beam behavior was controlled by two main parameters, beam
thickness and apex height of the beam the mid-span. The transition between the different
buckling modes is triggered by a certain force threshold.
Figure 1 shows the force – displacement curve of pre-buckled beam subjected to
transverse loading. Negative stiffness behavior allows the beam to experience a decrease
in resistance accompanied with increase in the deformations after reaching the force
threshold (Figure 1). Such behavior is due to the transition of the pre-buckled beam from
one stable mode of buckling to another experiencing instability behavior. The pre-buckled
beam can recover its initial configuration without an external applied load depending on
design of the beam as well as the boundary conditions.
Array of pre-buckled beams arranged in honeycomb configuration, herein after
called negative stiffness honeycomb [1, 23, 24] was investigated to increase the force
thresholds as well as the energy dissipation of pre-buckled beams. The negative stiffness
honeycomb proved its ability to dissipate energy and full recover to initial configuration
after one complete cycle of loading and unloading [24]. Unlike the common honeycombs,
negative stiffness honeycombs deformed in the elastic region of the material without any
plastic deformation which gives the system to be re-usable. The negative stiffness
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honeycomb achieved higher force thresholds and dissipated higher levels of energy
compared to pre-buckled beams, however, the force thresholds and energy dissipation
levels of negative stiffness honeycombs are not adequate for large-scale structural
engineering infrastructure applications; therefore, stiffer elements that can dissipate energy
while remain elastic are required for such applications.

Figure 1. Positive and negative stiffness regions of pre-buckled beam.

Rafsanjani et al. [3] investigated the snapping of periodic arrangement of prebuckled beams under tension. The system was able to exhibit negative stiffness behavior
during the transition from one mode of buckling to another, however, the system is under
tension loading. The study concluded the snapping of metamaterial pre-buckled beams can
be tuned to generate different mechanical responses under variety of loading techniques.
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Finite element modeling (FEM) for negative stiffness pre-buckled beams and
honeycombs was carried out by Darwish and ElGawady [14] to address the instabilities
occurred during deformation and predict the force threshold, energy dissipation and plastic
deformations to be used in the design of such elements.

2. RESEARCH SIGNIFICANCE

Previous studies focused on pre-buckled beams with negative stiffness behavior;
however, such beams displayed low force threshold and low energy dissipation for
infrastructure applications. This paper investigates the behavior of metamaterial shells that
exhibits negative stiffness behavior when subjected to transverse loading. The
metamaterial shell can achieve high force thresholds and energy dissipation levels which
is more adequate for infrastructure applications. The metamaterial shell is supported by
ring beam that replace the relatively thick side walls required for negative stiffness prebuckled beams and honeycombs. The energy dissipation as well as the force threshold for
different metamaterial shell profiles will be discussed. Additionally, finite element
modeling of metamaterial shell will be presented to predict the force threshold, energy
dissipation and plastic deformation of metamaterial shells. Furthermore, an equivalent
nonlinear spring model is presented to facilitate the modeling of negative stiffness elements
in different applications.
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3. AN OVERVIEW OF NEGATIVE STIFFNESS METAMATERIAL SHELL
The shell structure (Figure 2) was designed based on the profile of a pre-buckled
beam with revolving the profile 360° around its middle vertical axis to form a shell
following Equation 1. The shell exhibits negative stiffness behavior when subjected to
transverse compression load as it tends to snap through from the initial stable mode of
buckling to another mode of buckling when it reaches a certain force threshold. During this
transition high levels of energy is dissipated through nonlinear elastic behavior and hence,
once the load is removed, the shell recovers its initial configuration with minimal plastic
deformations.

ℎ

360°

𝑤(𝑥) = 2 [∫0°

𝑥

[1 − 𝑐𝑜𝑠 (2𝜋 𝑙 )]]

(1)

where w(x) is the height of shell measured from the straight line connecting the ends of the
shell, t is the shell thickness, h is the apex height of the shell at the mid span, Li is the clear
span length and x is the horizontal location of any point on the shell from origin (Figure
2).
Under transverse loading the shell tends to expand horizontally, this movement
must be restrained for the negative stiffness behavior to take place. This paper employed a
ring beam that is in a state of internal equilibrium while providing the required restrains
for the shell (Figure 2c). This ring beam is much thinner compared to the side walls
required in the case of pre-buckled beams [13].
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(a)

(b)

(c)

Figure 2. Negative stiffness metamaterial shell: (a) Shell profile, (b) Load path of
transverse load applied to shell, and (c) Forces in ring beam.

4. EXPERIMENTAL WORK

Twelve shell prototypes were manufactured using 3D selective laser sintering
(SLS) printing and tested during the course of this experimental work. The prototypes were
printed in the horizontal direction in planes parallel to ring beam.
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4.1. MATERIALS
The shell prototypes used in this manuscript were printed using high elastic-strain
material, nylon PA12 powder. Three 170 mm long having 13 mm x 5 mm cross section
nylon PA12 coupons were manufactured in the same 3D printing chamber with the
horizontal printing direction was parallel to the bed plate in order to simulate the properties
of the printed shell prototypes (Figure 3a).
The tensile properties of the coupons were determined, per ASTM D638-14 [25],
using 5000 N Instron 5965 testing machine with a loading rate of 5 mm/min. An external
extensometer, one strain gauge on each face of the coupon, and the machine extensometer
were used to determine the elongation of the coupons. The elongations using the
extensometers from the testing machine and external one yielded very similar results. The
testing machine extensometer, however, had a larger stroke and therefore the strains
measured using the machine extensometer are presented in this section. The axial loads
and elongation were recorded using NI-DAQ data acquisition system until failure of the
coupon occurred. The stress- strain relationship of many types of plastics does not conform
to Hooke’s law at the elastic region, therefore, the slope of the tangent to the stress-strain
curve at a low stress is usually taken as the modulus of elasticity [25]. The Nylon PA12
responded nonlinear with modulus of elasticity for the tested coupons of 1600 MPa and
0.2% offset yield stress of 24 MPa. All coupons failed at a necked section at an average
ultimate tensile strength of 47 MPa and ultimate strains ranging from 16% to 20% with an
average strain of 18% (Figure 3).
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(a)

(b)

Figure 3. Direct tensile testing of Nylon PA12 coupons: (a) Stress-strain of tested
coupons, and (b) Rupture of the coupons.

4.2. SHELL PROTOTYPES
Five shell profiles having Q values ranging from 3.90 to 6.11 were created by
changing both the shell thickness and the apex height of each shell profile (Table 1 and
Figure 4). The Q ratios were chosen exceeding a value of 2.5 to ensure that the shells will
exhibit negative stiffness behavior [1, 2]. Q1 and Q2 had approximately the same Q value
of 3.9; however, the shell thickness and apex height of Q2 was higher than that of Q1 by
23% and 20% respectively to achieve higher force thresholds and higher energy dissipation
levels. Furthermore, shell prototypes Q1 and Q6 had the exact Q value but Q6 had double
the size of Q1 to investigate the size effect on the system response parameters being the
force threshold, energy dissipation, and residual displacement. Each shell had a ring beam
having a thickness (tb) of 2 mm but variable depth (db) ranging from 6.27 mm to 12.54 mm
depending on the apex height of each profile.
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For loading a specimen during testing, a loading plate and a vertical link
member were also added to each test specimen. During testing the first shell prototype
RQ1, the vertical link member excessively deformed; therefore, an aluminum hollow
cylinder was used to encase the vertical member of each prototype to prevent such
deformations. Two replicate shell prototypes were manufactured and tested for each profile
to ensure the repeatability of the results considering any initial imperfections and potential
butterfly effects. The loading plate, link member, shell, and ring beam for each specimen
were 3D printed together to ensure the system act as a monolithic system.

Table 1. Shell prototypes dimensions.
Shell Prototype

h

t

Q

Li

Lo

db

RQ1

5.00

1.27

3.94

50.00

54.00

6.27

RQ2

6.00

1.55

3.90

50.00

54.00

6.60

RQ3

7.50

1.70

4.41

50.00

54.00

10.20

RQ4

9.00

1.75

5.14

50.00

54.00

12.25

RQ5

11.00

1.80

6.11

50.00

54.00

14.80

RQ6

10.00

2.54

3.94

100.00

108.00

12.54

All dimensions are in mm

4.3. SHELL PROTOTYPE TESTING
Each shell prototype was tested in a displacement control, at a rate of 5 mm/min,
under quasi-static compression loading. Each specimen was subjected to five one-half
loading cycles (Figure 5) consisting of loading each shell prototype in compression to a
displacement equal to double the apex height of that specimen to ensure that the shell
deformed to the complete opposite buckling mode. The load was then removed and the
loading/uloading repeated for five times.
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(a)

(b)
Figure 4. Metamaterial shell prototypes: (a) Q3 shell prototype, and (b) Q1 to Q5 shell
prototypes.

Figure 5. A shell prototype ready for testing.

For testing, each shell protoype was placed on the loading plate of 5000 N Instron
5965 testing machine and was subjected to the required loading cycles. The shell
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prototypes were tested without using any external supports as the thrust forces of the
prototype shells during the snap through were resisted only by the provided ring beams
(Figures 2 and 5).

5. RESULTS AND DISSCUSION

5.1. FORCE THRESHOLD
The shell prototypes exhibited negative stiffness behavior during the transition
from the initial mode of buckling to the third mode of buckling. The difference in the force
threshold and residual displacement between the replicate specimens reached up to 7% and
4%, respectivelty, indicating the repeatability of the test results and high precision of the
3D printing process. The force versus displacement for the five one-half cycles of loading
and unloading for each specimen were plotted in Figures 6 and 7.
Two distinct behaviors of the test specimens were observed based on the Q values.
For shell prototypes not exceeding Q value of 4.41, the shell prototypes displayed a positive
stiffness followed by negative stiffness. The shell prototypes Q1 through Q3 exhibited
force thresholds of 215 N, 425 N and 610 N, respectively, that was followed by negative
stiffness regions. It should be noted that there was a sharp increase in the force at the end
of the loading of Q2 shell prototype that occurred as the loading displacement exceeded
double the apex height of the shell and the shell beared against the bottom loading plate
(Figure 6b). This part of the loading was not presented in Figure 6 as it did not affect the
performance or the results of the specimen.
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(a)

(b)

(c)

(d)

Figure 6. Experimental results of different shell profiles tested under quasi-static
transverse loading: (a) Q1 shell prototypes, (b) Q2 shell prototypes, (c) Q3 shell
prototypes, and (d) Q6 shell prototypes.

(a)
(b)
Figure 7. Experimental results of Q4 and Q5 shell prototypes tested under quasi-static
transverse loading: (a) Q4 shell prototypes, and (b) Q5 shell prototypes.
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For shell prototypes having Q values higher than 4.41, i.e., Q4 and Q5, a
different behavior was observed where positive stiffness behavior was observed until a
force threshold of approximately 750 N and 850 N (Figure 7); then, the shell prototypes
displayed slightly negative stiffness and horizontal plateau accompanied with large
deformations due to unrecoverable plastic local deformations developed at the tip of the
shell during loading the first cycle (Figure 8b). The plateau was followed by strain
hardening with force thresholds of 900 N and 1500 N, respectively, and negative stiffness
behavior. It should be noted that shell prototype RQ4-01 was loaded one cycle only due to
malfunction of the controller.
Two different types of permemnant deformations, global and local, occurred during
loading the shell prototypes. Global deformation in the shell prototypes that slightly change
the shape of the prototypes. Local deformation that occurred at the tip of the prototype
shells. Thos permenanet deformations occurred during the first loading cycle; beyond that
cycle, however, no further permenant deformation occurred. Therefore, the first loading
cycle for each specimen displayed significantly higher force thresholds compared to that
of the subsequent loading cycles. The second loading cycle started from a slightly different
configuration due to such unrecoverable plastic deformation (Figures 6 and 7) and
displayed smaller force thresholds. The former deformation occurred in all specimens
while the later occurred for specimens having Q value exceeding 4.41. For specimens
having Q not exceeding 4.41, the reduction in the force threshold ranged from 40% to 50%
(Figure 9a) while it ranged from 25% to 30% for the remaining specimens (Figure 9a).
Furthermore, those shell prototypes having Q value exceeding 4.4 did not present the
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plateau or the two force thresholds and only the second force threshold displayed
beyond the first loading cycle (Figure 7).

(a)

(b)

(c)
Figure 8. Permanent tip deformations of Q4 shell prototype: (a) Before experimental
testing, (b) After experimental testing, and (c) Permanent deformation of Q4 from
finite element modeling.

Despite that Q1 and Q2 shell prototypes had approximately the same Q value, Q2
shell prototype displayed a force threshold of 425 N which was twice that of Q1. This
increase occurred due to a combined effect of increasing the apex height and the shell
thickness of Q1 shell prototype by 20% and 23%, respectively, compared to those of Q2
shell prototype. Furthermore, increasing the Q value increased the force threshold, for
example, by increasing Q value by 12% from Q1 to Q3 resulted in increasing the force
thresholds by 280% (Figure 9a). Therefore, the force threshold can be increased by
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increasing both the shell thickness and apex height while increasing or keeping the Q
value constant. The increase in the force threshold will be discussed later in details using
finite element models.

5.2. ENERGY DISSIPATION
The energy magnitudes dissipated by each shell prototype during the first and
second loading cycles were calculated by numerically integrating the area enclosed by the
force-displacement curve of the corresponding cycle (Table 2). The energy dissipation per
unit mass for each shell prototype normalized by its mass which included the mass of the
loading plate, vertical member, shell and ring beam were also presented in Table 2. Energy
dissipated through the first loading cycle of each shell prototype was larger than that
occurred during the subsequent cycles due to the permanent local and global deformations
occurred during the first loading cycle which affected the initial profile of the shell and the
shell prototype had a slightly new deformed shape when starting the subsequent loading
cycles. This new shape did not experience any significant residual displacements and the
shell prototypes behaved mainly nonlinear elastic with no further degradation in the energy
dissipation (Figure 6a).
For Q1 and Q2 which had approximately the same Q value, the shell prototype Q1
dissipated 0.85 joules during the first loading cycle which droped by approximately 45%
reaching 0.48 joules during the second loading cycle while shell prototype Q2 dissipated
2.15 and 1.05 joules during the first and second loading cycles respectively with an increase
of 250% and 218% compared to Q1 shell prototype. Therefore, increasing the apex height
and the shell thickness of the shell significantly increase the energy dissipation.
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Furthermore, the higher the Q value is the higher the energy dissipation and drop in the
energy dissipation after the first loading cycle (Figure 9b). For example, the increase in the
energy dissipation was approximately 590% by increasing the Q value from Q1 to Q3
(Figure 9b). Therefore, the energy can be increased by increasing both the shell thickness
and apex height while increasing or keeping the Q value constant.

Table 2. Energy dissipation of different metamaterial shell prototypes.
Energy Dissipated
Shell
prototype

1st Cycle

2nd Cycle

Joules

RQ1-01
RQ1-02
RQ2-01
RQ2-02
RQ3-01
RQ3-02
RQ4-01
RQ4-02
RQ5-01
RQ5-02
RQ6-01
RQ6-02

0.82
0.89
2.20
2.10
5.20
4.87
-7.80
13.20
13.35
6.55
6.72

0.47
0.50
1.10
1.05
1.81
1.75
-2.52
4.12
4.10
3.67
3.70

grams

Mass
without
Loading
Plate
grams

5.23

4.25

5.62

5.97

5.00

6.42

7.27

6.29

7.82

8.05

7.07

8.65

9.01

8.03

9.69

41.81

34.00

44.96

Total
Mass

Total
Volume
cm3

Energy Dissipated
per unit mass
2nd
1st Cycle
Cycle
mJ/gram
156.89
83.27
169.52
88.97
368.47
171.34
351.72
163.55
715.56
231.59
670.24
223.21
--969.27
290.65
1464.76
425.18
1481.41
423.12
156.70
81.63
160.71
82.30

Increasing the Q ratio from Q1 to Q5 shell prototypes signficantely increased the
energy per unit mass. For example, the amount of energy dissipated per unit mass for Q5
shell prototypes was 900% that of Q1 shell prototypes during the first loading cycle (Table
2 and Figure 9b). This occurred due to the plastic deformations in the tips of Q4 and Q5
shell prototypes that led to large increase in the energy dissipation of those shell prototypes
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during the first loading cycles. However, considering the energy dissipated during the
second loading cycles, the amount of energy dissipated per unit mass for Q5 shell
prototypes was 500% that of Q1 shell prototypes.

(a)

(b)

(c)
Figure 9. Behavior of different shell prototypes with different Q values: (a) Force
thresholds, and (b) Energy dissipation, and (c) plastic deformations.

5.3. RESIDUAL DISPLACEMENT
The residual displacement after the first loading cycle generally increased with
increasing the Q ratio (Figure 9c and Table 3). For example, increasing Q value from 3.94
to 4.41 in shell prototypes Q1 to Q3 increased the residual displacement by 370% (Figure
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9c). Furthermore, as discussed earlier having Q values more than 4.41 as in the case of
Q4 and Q5 triggered local deformation and hence larger residual displacement. Otherwise,
only global deformation occurred, and hence less residual displacement occurred. For
example, increasing Q value from 3.94 to 6.11 in shell prototypes Q1 to Q5 increased the
residual displacement by 500% (Figure 9c). After the second loading cycle for all shell
prototypes, the plastic deformations occurred were significantly reduced compared to the
plastic deformation from the first loading cycle. The maximum plastic deformation after
the second loading cycle ranged from 2% to 4% in shell prototypes Q1 to Q5.

5.4. SIZE EFFECT
The size had a significant effect on the force threshold, energy dissipation, and
residual displacement (Figure 6d). Shell prototype Q1 represented a one-to-two scale of
Q6 shell prototype. Q6 shell prototype achieved an average force threshold of 780 N which
is 360% that of Q1 shell prototype. Similalry, the energy dissipation during the first and
second loading cycles were 760% and 750% of that of Q1. Therefore, the force threshold
and energy dissipation are scalable. The energy dissipation per unit mass and plastic
deformation for both Q1 and Q6 shell prototypes, however, remained constant regardless
of the scale (Table 2).

5.5. COMPARISON BETWEEN NEGATIVE STIFFNESS SHELL AND PREBUCKLED BEAM HONEYCOMB
A comparison between negative stiffness metamaterial shell prototypes tested in
this study and pre-buckled beam honeycomb structure tested by Correa et al.[13] is
presented in Table 3. Force thresholds, energy dissipation per unit mass and plastic
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deformations for different shell prototypes were compared with those of the prebuckled beam honeycomb. Q1 and Q2 shell prototypes achieved higher force threshold
compared to that of pre-buckled beam honeycomb by 8% and 200% respectively despite
the significant reduction in the mass of both shell prototypes which represented only 12%
and 14% of the total mass of the pre-buckled beam honeycomb. Additionally, the energy
dissipation per unit mass of Q1 and Q2 shell prototypes was 2.25 and 5.00 times the energy
dissipation per unit mass of pre-buckled beam honeycomb. Plastic deformations in Q1 and
Q2 shell prototypes were 11% and 16% compared to 4% in the pre-buckled beam
honeycomb.

Table 3. Force thresholds and energy dissipation of metamaterial shells and pre-buckled
beam honeycomb.
Apex

Thickness

Height h

t

mm

mm

Honeycomb

5.0

1.27

Shell Q1

5.0

Shell Q2

Negative
Stiffness
Element

Q

mm/

Mass

Force

Energy

Plastic

Threshold

Diss. per

Deforma

Unit Mass

tions

grams

N

mJ/gram

%

3.94

43.00

200

71

4

1.27

3.94

5.25

215

160

11

6.0

1.55

3.90

6.00

425

360

16

Shell Q3

7.5

1.70

4.41

7.27

610

690

41

Shell Q4

9.0

1.75

5.14

8.05

750

970

50

Shell Q5

11.0

1.80

6.11

9.01

850

1470

55

Shell Q6

10.0

2.54

3.94

41.81

780

158

10

mm

For shell prototypes Q3, Q4 and Q5 with high apex height to shell thickness ratio
Q, the force threshold was 300%, 375% and 425% higher than that of pre-buckled beam

126
honeycomb. However, there was a significant increase in the plastic deformation when
compared to the plastic deformation of the pre-buckled beam honeycomb. Taking into
consideration the increase in the plastic deformation for Q3, Q4 and Q5 shell prototypes,
the energy dissipation per unit mass was higher than that of the pre-buckled beam
honeycomb by 10, 13 and 20 times respectively for the first loading cycle, while, for the
second loading cycle, the energy dissipation per unit mass was higher by 3, 4, and 6 times
respectively.

5.6. ESTIMATION OF FORCE THRESHOLDS OF METAMATERIAL SHELLS
The normalized transverse load, F, for a pre-buckled beam as a function in Q and
normalized displacement, Δ, can be assessed using Equation (2). The normalized
displacement, Δ, is the beam displacement normalized by the apex height of the that beam.
The normalized transverse load, F, can be converted to the actual load, f, using Equation
(3) where 𝐸 is the Young’s modulus, 𝐼 is the moment of inertia of the pre-buckled beam, h
is apex height and l is the pre-buckled beam span.

3𝜋 4 𝑄 2
3
1
4
3
1
4
𝐹=
Δ (Δ − + √ − 2 ) (Δ − − √ − 2 )
2
2
4 3𝑄
2
4 3𝑄

𝑓=

𝐹𝐸𝐼ℎ
𝑙3

(2)

(3)
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Furthermore, Equation (2) can be simplified resulting in Equation (4) to
estimate the force threshold of a pre-buckled beam with active second mode of buckling
under transverse loading [2].

𝐹 ≈ 4.18𝜋 4

𝐸𝐼ℎ
𝑙3

(4)

Following Qiu et al. [2] and by considering the metamaterial shell as a buckled
solid circular plate with clamped boundary conditions subjected to uniform pressure with
bending stiffness given by Equation (5) where v is Poison’s ratio [26], Equation (6) is
proposed to estimate the force threshold of metamaterial shell when subjected to transverse
loading where D is the bending stiffness, h is the shell apex height and r is the radius of the
shell. The proposed curve fitting equation is based on the force threshold obtained from
experimental results of different shell prototypes (Figure 12a). The proposed equation is
validated with a set of finite element models as discussed later on this paper.

𝐷=

𝐸𝑡 3
12 ( 1 − 𝑣 2 )

(5)

𝐷ℎ
𝑟2

(6)

𝐹 ≈ 0.725𝜋 4
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6. FINITE ELEMENT MODELING

Finite element models (FEMs) were developed using LS-Dyna to predict the
behavior of the investigated shells. One of the main challenges in modeling the shell
prototypes is to capture the instabilities occurred during the snap-through of the shell. The
FEMs were calibrated and validated against the experimental testing of the different shell
prototypes.

6.1. ELEMENT TYPES AND INTERFACE MODELING
The developed FEMs consists of steel loading plates and shell prototypes (Figure
10). The steel loading plates, representing the head and base of the compression machine,
were modeled using under integrated constant stress solid elements as the loading plates
were very stiff compared to the shell prototype and such simulation will give accurate and
time efficient simulation.
The shell prototype consists of upper shell loading plate, vertical link member that
connects the upper loading plate to the shell, shell, ring beam. The shell and ring beam
were modeled in the finite element model using Belytschko-Tsay shell elements with one
point integration to avoid hourglass effect and which is extremely efficient for thin shell
simulations [27], while the upper shell loading plate and the vertical member were modeled
using Belytschko-Schwer with full cross-section integration beam elements to account for
the co-rotational formulation associated with large displacements. The shell prototype and
the ring beam were rested on the steel base plate as shown in Figure (10) and Node to
surface type contact was defined.
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Figure 10. Finite element modeling of metamaterial shell.

Node – to - surface contact type was used with coefficient of friction of 0.2 [14] to
model the interface between the steel and shell loading plates as well as the bottom of the
ring beam and the steel base plate.

6.2. MATERIAL MODELING
Two material models were used for the FEMs. The steel loading plates were
modeled using plastic kinematic material model (Table 4). The Nylon PA 12 for the shell
prototypes were modeled using piecewise linear plasticity material model which is
recommended for plastic materials [28] (Table 4).

6.3. LOADING AND BOUNDARY CONDITIONS
The specimens were loaded in a displacement control by moving the steel loading
plate in the negative Z direction while constraining the plate in the X and Y directions. The
steel base plate was constrained in X, Y and Z directions. The two nodes connecting the
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link member to the shell were merged together as well as the two nodes connecting the
shell loading plate to the link member.

Table 4. Properties of different materials used in FEMs.
Property

Nylon PA 12

Steel

Young’s modulus (E) MPa

1650

180000

Yield stress (SIGY) MPa

24

320

Density (D) kg/m3

930

7830

Poisson’s ratio (PR)

0.40

0.30

E Tangent (MPa)

600

6300

Ultimate strain (%)

18

4.5

6.4. DYNAMIC IMPLICIT ANALYSIS
Nonlinear dynamic implicit analysis was used in the FEMs. Implicit analysis
includes nodal forces associated with mass/inertia and damping in addressing the
instabilities occurred during the transition of the shell from one stable mode of buckling to
another [27]. The solution of each step during the implicit analysis requires a series of
iterations to establish equilibrium within a certain tolerance and the time step chosen are
generally several orders of magnitude larger than that of explicit time steps which
significantly reduce the solution time and provide accurate results [28].
CONTROL_IMPLICIT_EIGENVALUE was used to ensure that there are no parts
that are unconnected to each other as failure to do so will result in rigid body modes [29].
CONTROL_IMPLICIT_AUTO was used to automatically adjust the time step of the
solver.
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6.5. RESULTS AND DISCUSSION
The finite element models (FEMs) developed were able to capture the negative
stiffness behavior of the shell prototypes when transferred from one mode of buckling to
another (Figure 11). The FEMs were able to capture the general performance of the force
- displacement of the investigated specimens having Q values less than 5. The FEMs
predicted 70% to 80% of the force threshold values of Q1, Q2, Q3, and Q6 shell prototypes
(Figure 12a). The FEMs were not able, however, to accurately capture the performance of
specimens having Q values greater than 5, i.e. Q4 and Q5. The FEM predicted only one
force threshold during the deformation of Q4 specimens unlike the experimental results
where two force thresholds were displayed for each of those specimens (Figure 11d). This
difference was attributed to the permanent deformations occurred in the shell tip and
couldn’t be captured by the finite element modeling. For Q4, the FEM predicted a force
threshold 655N representing 87% the experimental force threshold value.
The finite element modeling of Q5 specimens was not able to address the
instabilities occurred due to the high shell apex height of 11 mm which represented 22%
of the shell span and hence the results are not presented in this study.
Plastic deformations as well as the energy dissipation obtained from finite element
modeling for different shell prototypes with different Q ratios are shown in Figure 12(b).
The finite element models predicted the plastic deformations for different shell prototypes
with the different Q values with a maximum error of 7%. It can be noted that the finite
element models were able to capture the plastic deformations occured in the different
profiles of shell prototypes.
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(a)

(b)

(c)

(d)

(e)
Figure 11. Validation of FEMs with experimental results: (a) Q1 shell prototype, (b)
Q2 shell prototype, (c) Q3 shell prototype, (d) Q4 shell prototype, and (e) Q6 shell
prototype.
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(a)

(b)

Figure 12. Analytical and finite element modeling results for different Q values: (a)
Force threshold obtained for different shell prototypes, and (b) Energy dissipation and
plastic deformations for different shell prototypes.

(a)

(b)

(c)

(d)

Figure 13. Loading of metamaterial shell in finite element modeling: (a) Deformation
of shell tip, (b) Full deformation of shell to the opposite buckling mode, (c) von-Mises
stress contours for Q2 shell prototype, and (d) von-Mises stress for Point A and Point B
for Q2 shell prototype.
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Figures 13(a) and 13(b) shows deformed shape of Q1 shell prototype obtained
from the FEM at the beginning and ending of loading. The shell was able to recover its
initial configuration in the FEM after removing the load. The maximum stresses were
observed at the tip of the shell (Point A) during the deformation of the shells in the FEMs
(Figure 13c). For example, in Q2 shell prototype the stress increased linearly at the tip of
the shell until the force threshold of the shell, then it started to decrease during the negative
stiffness region (Figure 13d). The maximum stress was 120 MPa at the tip of the shell while
the maximum stress at the edges was 40 MPa. The stress at the tip of the shell was
approximately 5 times than that at the edges. The stresses in between the tip of the shell
and the edges were minimal.

Table 5. Finite element results of different shell models.
Energy Dissipated
Shell

Force Threshold

Plastic Deformations

FEM

Exp.

Error

FEM

Exp.

Error

FEM

Exp.

Joules

Joules

%

N

N

%

%

%

RQ1

0.60

0.85

- 30

150

215

- 30

17

11

RQ2

1.80

2.15

- 16

335

425

- 21

20

16

RQ3

3.66

5.00

- 26

480

610

- 21

42

42

RQ4

6.75

7.80

- 13

655

750

- 13

43

50

RQ5

---

13.35

---

---

850

---

---

52

RQ6

4.60

6.65

- 30

590

780

- 24

16

10

prototype

The FEMs predicted the energy dissipation of different shell prototypes with a
maximum error of 30% (Figure 12b and Table 5). For shell prototypes having Q values
less than 5, i.e. Q1, Q2 and Q3, the FEM was able to predict from 70% to 85% of the energy
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dissipated in the experimental testing. For shell prototypes having Q values greater than
5, i.e. Q4, the FEM did not accurately capture the deformation at the tip of the shells and
therefore the FEM prediction was not accurately simulating the energy dissipation from
experimental testing.

6.6. VALIDATION OF ANALYTICAL EQUATION USING FEM
In order to validate the force thresholds of metamaterial shells obtained from
Equation (6), seven additional FEMs (FEM-RQ7 to FEM-RQ13) were developed with Q
values ranging from 3 to 6 by varying the shell thickness. The dimensions of the developed
shell models are shown in Table 6. All the developed shell FEMs exhibited negative
stiffness behavior during deformation. Force – Displacement results from FEMs are
presented in Figure 14(a). The force threshold obtained from the FEMs were validated with
the force thresholds estimated from Equation (6) for different shell profiles (Figure 14b).
The error between the FEM and analytical prediction decreased with increasing Q value,
i.e. For Q values from 3.5 to 4.5, the maximum error was 20%, while, for Q values from
4.5 to 6.0, the maximum error was 8%.

Table 6. FEMs of shell prototypes used in the validation of analytical equation.
Shell Model

FEM-RQ7
FEM-RQ8
FEM-RQ9
FEM-RQ10
FEM-RQ11
FEM-RQ12
FEM-RQ13

h

6.00

All dimensions are in mm

t

Q

2.00

3.00

1.70

3.50

1.55

3.90

1.33

4.50

1.20

5.00

1.10

5.50

1.00

6.00

Li

Lo

db

50.00

54.00

6.60
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(a)

(b)

Figure 14. FEMs results of Q7 to Q13: (a) Force vs displacement, and (b) FEMs and
analytical force thresholds for different Q values.

6.7. EFFECT OF APEX HEIGHT AND SHELL THICKNESS ON SHELL
BEHAVIOR USING FEM
Increasing the apex height, shell thickness and Q ratio will increase the force
threshold as well as the energy dissipation of the metamaterial shell. In order to investigate
the effect of increasing each of these three paramaters on the behavior of the shell, three
sets of finite element models were developed (FEM-RQ14 to FEM-RQ22). All the
dimensions of different models were chosen to ensure that the Q ratio is greater than 2.5 to
ensure negative stiffness behavior will occur (Table 7).
The first set was to investigate the effect of shell thickness and consisted of three
models with the same apex height of 5 mm but with different shell thickness of 1.67, 1.25,
and 1.11 mm respectively. The Q ratio for these three models was 3.0, 4.0, and 4.5. The
second set was to investigate the effect of apex height and consisted of three models with
the same shell thickness of 1.25 mm but with different apex heights of 3.75, 5.00, and 5.63
mm respectively. These apex height values were chosen to keep the Q ratio values of the
three models similar to that in set 1 FEMs of 3.0, 4.0, and 4.5. Having similar Q values
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between set 1 and set 2 models will help in determing which of the two parameters,
shell thickness or apex height, is more dominant on increasing force threshold and energy
dissipation of the shell. The third set consisted as well of three models with the same Q
ratio of 4, however, the shell thickness and apex height were increased from one model to
another to investigate the effect of increasing both parameters while keeping the Q ratio
the same.
The force –displacement results for the three FEM sets are presented in Figure 15.
All shells exhibitied negative stiffness behavior during deformation. The force threshold
was decreased by 158N when the shell thickness was decresed by 35% in Q14 to Q16
models, while, the force threshold was increased by 111N when the apex height was
increased by 50% in Q17 to Q19 models. The force threshold of the shell is significantly
affected by changing the shell thickness than changing the apex height. Moreover,
increasing both apex height and shell thickness in Q20 to Q22 models while having the
same Q ratio of 4.0 resulted in increasing the force threshold from 70 N to 295 N wich
represented an increase of 420% (Figure 16a).

Table 7. FEMs of shell prototypes used in investigating the effect of Q ratio
FEM Set
Set 1

Set 2

Set 3

Shell Prototype
FEM-RQ14
FEM-RQ15
FEM-RQ16
FEM-RQ17
FEM-RQ18
FEM-RQ19
FEM-RQ20
FEM-RQ21
FEM-RQ22

All dimensions are in mm

h
5.00
3.75
5.00
5.63
4.00
5.00
6.00

t
1.67
1.25
1.11
1.25
1.00
1.25
1.50

Q
3.00
4.00
4.50
3.00
4.00
4.50
4.00
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Decreasing the shell thickness by 35% in Q14 to Q16 models resulted in
lowering the amount of energy dissipated by 0.68 Joules, while, increasing the apex height
by 50% in Q17 to Q19 models yielded an increase in the amount of energy dissipated by
0.75 Joules (Figure 16b). It can be noted that the amount of energy dissipated was affected
similary by both decreasing the shell thickness or increasing the apex height unlike the
force threshold which was significantly reduced by decreasing shell thickness. For Q20 to
Q22 models with Q ratio of 4.0, increasing both apex height and shell thickness resulted in
increasing the amount of energy dissipated by 1.45 Joules.

(a)

(b)

(c)
Figure 15. Force – displacement curves of Q14 to Q22 FEMs: (a) Set 1, and (b) Set 2,
and (c) Set 3.
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Decreasing the shell thickness from 1.67 mm to 1.11 mm in Q14 to Q16 reduced
the plastic deformations occurred in the shell by 3%, however, increasing the apex height
from 3.75 mm to 5.63 mm in Q17 to Q19 models significantly increased the plastic
deformation from 8% to 21% with an increase of 10% more compared to decreasing the
shell thickness to achieve the same Q ratios (Figure 16c). Furthermore, increasing both the
shell thickness and apex height in Q20 to Q22 models while keeping the Q ratio the same
resulted in increase in plastic deformation by 13%. It can be concluded that increasing the
apex height will generellay result in higher plastic deformations in the shell.

(a)

(b)

(c)
Figure 16. FEMs results of Q14 to Q22: (a) Force threshold, (b) Energy dissipation,
and (c) Plastic deformations.
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7. EQUIVALENT NONLINEAR SPRING MODEL

FEM of negative stiffness metamaterial elements requires detailed simulation to
address the instabilities and negative stiffness occurred during the snap through. Detailed
FEM models, however, is quite demanding. Therefore, there is a need to develop a simple
yet efficient FEM models that can accurately model the shell prototypes. An equivalent
nonlinear spring model is proposed to address this issue. The equivalent model is defined
using the peak force given by Equation (6). The displacement at the peak load was
determine empirically based on the investigated specimens presented in the experimental
work section. Figure 17(a) presents the displacements at the peak loads of specimens Q1,
Q2, Q3 and Q6. As shown in the figure the displacement at the peak load occurred at
displacements ranging from 20% to 24% of the total displacement of the shells.
Furthermore, the negative stiffness is determined using double the apex height
displacement. The force at that displacement is proposed based on the experimental work.
Figure 17(b) shows the force at the peak displacements of the investigated specimens. As
shown in the figure, the force at the peak displacement ranged from 38% to 42% of the
peak force. Therefore, by knowing the force threshold and displacement of Point A and
Point B, the loading and unloading stiffness can be determined (Figure 18).
The equivalent nonlinear spring model was developed using LS-Dyna. A material
model, MAT_GENERAL_SPRING_DISCRETE_BEAM, readily available in LS-Dyna
was used to define the stiffness of the springs during loading and unloading of the spring.
Q1 shell prototype was used as an example to develop the equivalent nonlinear spring
model as shown in Figure 16. The loading and unloading stiffness were defined in the
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model as presented in Figure 18. It was very important to develop the equivalent
nonlinear spring to exhibit the same displacement of the shell prototype to ensure the
accurate simulation of the shell when used as part of complete structure model.

(a)

(b)

Figure 17. Experimental results of Q1, Q2, Q3 and Q6: (a) Displacement at the peak
load, and (b) Force at peak displacement of shell.

Figure 18. Loading and unloading stiffness of equivalent spring model.
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The upper node of the spring was subjected to displacement loading in the
negative Z direction until the spring was compressed to 10 mm displacement then the
loading was removed similar to that used in the Q1 shell prototype model. The lower node
of the spring was constrained from movement in all directions. The spring was modeled
for one complete cycle of loading and unloading. Force – displacement curves obtained
from the equivalent nonlinear spring model for Q1 and Q2 shell prototypes are shown in
Figure 19. The output of the equivalent nonlinear spring model accurately simulated the
behavior of the shell prototype during both loading and unloading. The energy dissipation
from the equivalent nonlinear spring models were 1 joule and 2.31 joules for Q1 and Q2
shell prototypes respectively which was higher to that from experimental testing by 17%
and 7%. Furthermore, more accurate results can be achieved by using more points in
defining the loading and unloading stiffness curves if required.
The solution of the equivalent nonlinear spring model was completed in matter of
seconds without having any difficulties in addressing instabilities or reach equilibrium
during solving, unlike the detailed finite element model of shell prototypes mentioned
before which requires long run times. The equivalent nonlinear spring model will simplify
and facilitate the implementation of negative stiffness metamaterial model in different
structural modeling without the need for addressing instabilities and complicate the
structural model.
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(a)

(b)

Figure 19. Results of equivalent nonlinear spring model: (a) Q1 equivalent spring
model, and (b) Q2 equivalent spring model.

8. CONCLUSIONS

In this study, negative stiffness metamaterial shell with the ability to exhibit
negative stiffness behavior under transverse loading were developed. The shell exhibited
negative stiffness behavior during the transition from one stable mode of buckling to
another through which energy is dissipated. The shell is supported on ring beam which
constrained the shell from horizontal movement and provided higher stiffness for the shell.
Shell prototypes of the metamaterial shell were manufactured using 3D printing with
selective laser sintering (SLS) process. All metamaterial shell prototypes were tested under
quasi-static transverse loading to force the shell to transfer from one mode of buckling to
another. Different apex height to shell thickness ratios were investigated to address the
change in force threshold, amount of energy dissipation and plastic deformations in the
system. The size effect was also investigated using four shell prototypes having the same
apex height to shell thickness ratio but different dimensions. Furthermore, finite element
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models (FEMs) were developed using LS-Dyna software to predict force threshold,
energy dissipation, plastic deformation and the negative stiffness behavior of metamaterial
shells during loading and unloading. This study revealed the following findings and
conclusions:


The developed negative stiffness metamaterial shell was able to exhibit
negative stiffness behavior when subjected to transverse loading and dissipated
up to 70% of the total input energy.



The metamaterial shell has the ability to withstand higher force thresholds when
compared to negative stiffness pre-buckled beams as the ring beam supporting
the shell enhance the behavior and increase the stiffness of the shell which lead
to higher levels of energy dissipations.



There is internal equilibrium in the supporting ring beam which allow to use
much smaller thickness of ring beam when compared to the supports of prebuckled beams.



Using higher apex height to shell thickness ratio for the negative stiffness
metamaterial shell significantly increased the force threshold as well as the
amount of energy dissipated through the system. However, the plastic
deformations in the shell profile increased.



The developed FEMs were able to accurately capture the negative stiffness
behavior of shells and address the instabilities occurred in during the transition
from one mode of buckling to another.
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A curve fitting equation was proposed based on the bending stiffness of
solid circular plate to predict the force threshold of metamaterial shells. The
equation was validated with finite element modeling results.



A parametric study using FEMs was carried out to investigate the effect of
individually changing the apex height or shell thickness on the force threshold,
energy dissipation and plastic deformation of the shell.



An equivalent nonlinear spring model is proposed to simplify the simulation of
negative stiffness metamaterial elements to achieve fast, simple and sufficiently
accurate behavior of such elements when used as a part of larger structural
modeling.



The negative stiffness metamaterial shell has high potential to be used in
different energy and structural applications that requires high force thresholds
such as shock absorbers, impact protection systems and base isolations.
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V. DESIGN AND EVALUATION OF MULTILAYER METAMATERIAL
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Science and Technology, Rolla, MO 65409

ABSTRACT

Energy dissipation materials are used in a wide variety of mechanical and structural
applications such as shock absorbers, seismic protection, impact protection, vibration
isolation, and personal protection gear. Recently, studies focused on the design on new
metamaterial elements that can dissipate energy through nonlinear elastic behavior.
Metamaterial shells that can exhibit negative stiffness behavior are one of those elements.
Under transverse loading, the shells exhibit negative stiffness behavior as the force
decreases after reaching a certain force threshold with increase in displacement of the
shells. This architectured behavior can be triggered by certain shell profiles and boundary
conditions. Unfortunately, the force thresholds and energy dissipation levels of single
metamaterial shells are still not adequate for many structural applications. This work
focuses on the use of multilayer metamaterial shells arranged in different arrays that will
increase force thresholds and energy dissipation levels and hence, increase the ability of
using such elements in a wider variety of applications. The behavior of multilayer
metamaterial shells was investigated in two different designs, first, design and manufacture
the system as one unit consists of multiple shell layers connected together in series. Second,
design and manufacture individual shell layers and connecting them together in series to
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form a detachable segmental structure. Experimental testing of prototypes
manufactured using selective laser sintering (SLS) was carried out. Furthermore, finite
element modeling using LS-Dyna was developed to be able to predict the behavior of
multilayer metamaterial shells and validated with experimental results.
Keywords: Negative stiffness, metamaterial, shells, energy dissipation, buckling, snapthrough.
1. BACKGROUND

In recent years, a large number of novel metamaterial elements have been
introduced with extraordinary mechanical properties such as negative compressibility,
negative poisson’s ratio and negative stiffness behavior [1-5]. Elastic instabilities is one of
the very promising behaviors that can be used to design efficient materials or structures
that has the ability to recover initial configuration after large deformations and dissipate
high levels of energy. For example, metamaterial structures that experience negative
stiffness behavior with elastic instabilities during deformation proved their ability to
dissipate high levels of energy. Negative stiffness behavior is defined by having a region
where the force is decreased with increasing the displacement of the system which is the
opposite of the common directional force displacement relationship [6, 7].
Innovative energy dissipation systems to achieve better protection of structures
became one the challenges in structural engineering to protect the occupants as well as the
structural elements from the damaging effects. Consuming part of the input energy by the
system reduces the damage of structural elements. Using innovative structures like
metamaterial structures with negative stiffness behavior in energy dissipation applications
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became very promising due to the high levels of the energy dissipation achieved which
in some cases reach 70% of the total input energy [8-12]. Large portion of the input energy
to the metamaterial structure is used to deform structure from one shape to another through
the elastic region of the material though which the elastic instability occurs. Negative
stiffness behavior was deployed by Sarlis et al. 2013 [13] to develop negative stiffness
device (NSD) for seismic protection of structures. They used an approach of negative
stiffness behavior to weaken the structure without inelastic deformations.
Qiu et al. [11] introduced a pre-buckled beam that exhibit negative stiffness
behavior as an example of metamaterial elements. The pre-buckled beam can snap through
from on buckled mode to another under small transverse external load exhibiting negative
stiffness behavior. Despite that the pre-buckled beam was designed mainly to be used in
Micro-Electro-Mechanical Systems (MEMS) devices such as valves, switches and memory
cells, the behavior of the beam proved that the elastic instabilities that occurred in the beam
can be used for energy dissipation purposes. However, the proposed pre-buckled beams
were in the microscale geometry with limited force thresholds which needed more
investigation to achieve similar behavior with larger scale elements that can fit more
applications besides the MEMS devices.
Recently, several studies investigated the arrangements of pre-buckled beams in
stacks to increase the force thresholds and energy dissipation levels. Rafsanjani et al. [14]
studied the behavior of metamaterial periodic structure that consisted of an array of prebuckled beams under tension loading. The periodic structure was architectured to snap
through from one shape to another exhibiting negative stiffness behavior under tension
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loading to show that the structure can be tuned to generate nonlinear properties under
different loading conditions.
Correa et al. [15] developed negative stiffness honeycomb as a replacement of
conventional honeycombs and as way to increase force thresholds and energy dissipation
of pre-buckled beams. The negative stiffness honeycomb structure consists of multiple
rows and columns of pre-buckled beams stacked in a periodic arrangement. The negative
stiffness honeycomb proved its ability to absorb energy without any plastic deformations.
As the honeycomb structure subjected to external loading, each row of pre-buckled
beams starts to deform from one buckled mode to another experiencing negative stiffness
behavior at which energy dissipation takes place. By comparing the negative stiffness
honeycomb behavior to conventional honeycomb, the first was able to recover the initial
configuration without plastic deformation. While, the second experienced large plastic
deformation. However, the amount of energy dissipated as a percentage of the total input
energy was lower than that of conventional honeycomb. Furthermore, the force threshold
of the negative stiffness honeycomb was relatively small compared to structural
applications.
Yasser and ElGawady [16] developed metamaterial shell that has the ability to
achieve higher force thresholds and energy dissipation levels compared to the pre-buckled
beams and honeycombs. The energy dissipated per unit mass for metamaterial shell was
higher than that of pre-buckled beams and honeycombs by at least 3 times. Experimental
testing of metamaterial shells showed the ability of the shell to exhibit negative stiffness
behavior during deformation and dissipate 70% of the total input energy with high levels
of force threshold which make it promising to be used in different structural applications.
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Despite metamaterial shells increased the force threshold and the amount of energy
dissipated through the system compared to pre-buckled beams, increasing the force
thresholds and energy dissipation levels beyond a single metamaterial shell is still needed
to achieve more adequate systems for structural engineering applications. Connecting
multilayers of metamaterial shells in arrays will be one way to achieve this goal.

2. RESEARCH SIGNIFICANCE

This study investigates the effect of using multilayer metamaterial shells subjected
to transverse loading on the force thresholds and energy dissipation levels. Increasing the
amount of energy dissipated using multilayer metamaterial shells will allow the potential
use of such shells in a wide variety of structural applications such as impact protection of
bridges, blast protection and energy dissipaters in structures. Two multilayer metamaterial
shell designs will be considered in this study: First, design and manufacture an array of
multilayer metamaterial shells as one unit with a configuration that allows two force
thresholds peaks during deformation. Second, design and manufacture each shell layer
individually then connecting the shell layers together as a segmental structure to facilitate
the installation process of the system. Experimental testing was conducted on 3D printed
prototypes of multilayer metamaterial shells. Furthermore, finite element modeling (FEM)
of multilayer metamaterial shells was developed to predict the behavior of multilayer shells
during deformation. FEM results were validated with experimental results for different
prototypes.
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3. MULTIPLE LAYER METAMATERIAL SHELL

Negative stiffness metamaterial shell introduced by Yasser and ElGawady [16] is
consisted of upper loading plate, vertical link member, shell and ring beam (Figure 1). The
metamaterial shell can exhibit negative stiffness behavior when designed according to
Equation 1 and subjected to transverse loading. Where w(x) is the height of shell measured
from the line connecting two ends, h is the apex height at the middle of the shell, Li is the
span of shell and x is the horizontal distance of any point on the shell measured from one
end as shown in figure 1.

ℎ

360°

𝑤(𝑥) = 2 [∫0°

𝑥

[1 − 𝑐𝑜𝑠 (2𝜋 𝑙 )]]

Figure 1. Negative stiffness metamaterial shell by Yasser and ElGawady [16]

(1)
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The shell is supported on ring beam (Figure 1) which has internal equilibrium
that increases the stiffness of the shell compared to pre-buckled beams and reduce the
thickness of support needed to provide required restrain for the shell when subjected to
transverse loading. This shell tends to transfer from one buckled shape to another when
subjected to transverse loading. During the transition from one state to another, the shell
experience elastic instability at which negative stiffness behavior occurs. Large portion of
the input energy is used to buckle the shell in the other state which gives the shell the ability
to dissipate energy.

3.1. TWO-STEP MULTILAYER METAMATERIAL SHELL
An array of multilayer metamaterial shells was arranged on upper and lower halves
of one single unit with opposite direction, hereinafter called Two-step multilayer
metamaterial shell (Figure 2). The concept of arranging the shell layers on upper and lower
half’s with opposite direction is to achieve two force thresholds at different displacements
during the deformation of the shells and increase the amount of energy dissipated through
each unit as explained later. All shells were designed with the same profile and same apex
height to shell thickness ratio (Q) in this study, however, combining more than one profile
of shells in the same unit is possible.
Each half of the Two-step multilayer metamaterial unit consists of one, two or
three layers of shells connected in series (Figure 2). The shell layers are connected at midspan using a vertical link member which is responsible for transferring the transverse
loading to the shell layers. The shells are supported on ring walls of thickness (tw) and total
height of (hw). A middle circular horizontal plate was added at the mid height of ring walls
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with thickness (tm) to work as a stiffener for the ring walls. The top and bottom circular
plates are loading plates to transfer the transverse load to the vertical member and hence to
the shell layers.

(a)

(b)

(c)

Figure 2. Two-step multilayer metamaterial shell profiles: (a) One layer, (b) Two
layers, and (c) Three layers.

3.2. SEGMENTAL MULTILAYER METAMATERIAL SHELL
Another two arrays of multilayer metamaterial shells arranged on one half but with
different connection was designed. In the first array, the metamaterial shell layers were
connected at the mid-span only using a vertical member without connecting the ring walls
of each shell layer to each other (Figure 3a). This array was to investigate the possibility
of disconnecting the ring walls and only connect the shells at the mid-span to facilitate the
manufacturing process. For the second array, the metamaterial shell layers were connected
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to each other using male and female connection at both the mid-span and the ring wall
as shown in Figure 3(b). This array hereinafter called segmental multilayer metamaterial
shell. The advantage of such array is that the shell layers can be manufactured individually
and connected to each other with any number of shell layers needed. Additionally,
connecting the shells using male and female connection will allow the detaching of the
layers and replacing certain shell layers when needed.

(a)

(b)

Figure 3. Multilayer metamaterial shell: (a) Multilayer shells with disconnected ring
walls, and (b) Segmental multilayer shells connected using male and female
connection.

4. EXPERIMENTAL WORK

4.1. PROTOTYPES MANUFACTURING
Prototypes of multilayer metamaterial shells were manufactured using selective
laser sintering (SLS) with nylon PA12. The material characterization of Nylon PA12 was
determined by testing three coupons under quasi-static monotonic tension loading
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according to ASTM D638-14 with three different loading rates of 5, 20 and 100
mm/min. These loading rates were chosen to investigate the effect of increasing the loading
rate on the Young’s modulus and rupture strain of the material. The coupons were
manufactured using the same SLS printing process of the metamaterial shell prototypes.
Each coupon is 170 mm long with cross section of 13 mm by 5 mm. The coupons were
tested in a 5 kN capacity Instron machine (Figure 4a). The stress-strain curves of the three
coupons are shown in Figure 4(b). It must be noted that the stress-strain relationship of
many types of plastics do not conform to Hooke’s law throughout the elastic region and
hence the Young’s modulus is usually taken at a low stress level. All three coupons had
the same initial stiffness until a stress threshold of 13 MPa afterwhich the stiffness of the
5 and 20 mm/min coupons was decreased compared to that of the 100 mm/min coupon.
The Young’s modulus was 1600 MPa for the three coupons based on the stress threshold
of 13 MPa. The offset yield stress at 0.2% was 24, 30 and 36 MPa for the 5, 20 and 100
mm/min loading rates respectively. Increasing the loading rate from 5 to 100 mm/min
resulted in an increase in the ultimate stress by 6%, however, the rupture strain was
decreased from 17% to 14% which represented a reduction of 20%. The material properties
obtained from Nylon PA12 coupon testing using 5 mm/min loading rate are summarized
in Table 1 [16].

Table 1. Mechanical properties of Nylon PA12 and Steel materials.
Property
Young’s modulus (E) MPa
Offset Yield stress (SIGY) MPa
Density (D) kg/m3
Poisson’s ratio (PR)
E Tangent (MPa)
Ultimate strain (%)

Nylon PA 12
1600
24
930
0.33
600
18

Steel
180000
320
7830
0.30
6300
4.5
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(a)

(b)

(c)

(d)

Figure 4. Nylon PA12 coupon testing: (a) Rupture of coupon, (b) Monotonic tensile
testing results, (c) Cyclic tensile testing using 5 mm/min loading rate, and (d) Cyclic
tensile testing using 5, 20 and 100 mm/min loading rates.

Another two sets of coupons with the same dimensions mentioned before were
tested under quasi-static cyclic tension. The first set consisted of three coupons that were
tested using 5 mm/min loading rate. The second set consisted of three coupons, each
coupon was tested using different loading rates of 5, 20, and 100 mm/min. A set of 12
strain amplitudes were choosen starting with 0.25% strain and increasing by 50% every
step to load the coupons until rupture. Moreover, each coupon was loaded for two cycles
on each strain amplitude (Figures 4c and 4d). The stress-strain curves for the three coupons
tested using 5 mm/min loading rate are shown in Figure 4(c). The three coupons yielded
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the same Young’s modulus of 1600 MPa and ultimate stress of 46 MPa. However, the
ultimate strain was varied from 15% to 19%. The stress-strain envelope of the coupons
tested under quasi-static cyclic loading yielded the same stress-strain results obtained from
the monotonic coupon testing (Figure 4c). For the three coupons tested under quasi-static
cyclic loading with loading rates of 5, 20, and 100 mm/min, the difference between the
stress-strain curves (Figure 4d) was similar to that obtained from the monotonic testing of
the coupons with the same loading rates (Figure 4b).
Due to the nature of the selective laser sintering (SLS) printing process, the Twostep multilayer metamaterial shell prototypes contained inner Nylon powder as the printing
process mainly depends on fusing the Nylon powder on layers until the whole prototype is
completed. Hence, all the inner voids were full of nylon powder after the manufacturing
process which lead to drilling holes in the ring walls to remove the inner powder from the
voids between the different shell layers to not affect the behavior of the unit during testing.
After testing an initial prototype, the behavior was still affected by the inner powder as the
holes number was not enough to remove all the inner powder as shown in Figure 5(a).
A new modification was made on the design by including holes along the whole
height of ring walls in different directions as shown in Figure 5(b) in the modeling of shell
prototypes before starting the manufacturing process so that the unit will be printed with
the holes which facilitated the complete removal of inner Nylon powder. All holes were
2mm diameter which has a minimal effect on the stiffness of ring walls.
A total of eight prototypes for the Two-step multilayer metamaterial shell were
manufactured to be tested under transverse loading. Two prototypes (RQ2-2L-01 and RQ22L-02) were manufactured using double the scale to investigate the scaling effect on the
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shell prototypes behavior. Figure 7 shows the difference in size between the regular
and double scale prototypes. Different Two-step multilayer metamaterial prototypes are
shown in Figure 6. Detailed dimensions of all Two-step multilayer metamaterial shell
prototypes are presented in Table 2. All the shell prototypes had the same profile and same
apex height to shell thickness ratio (Q) in order to focus on the effect of using multiple
shell layers on the force thresholds and energy dissipation capabilities of the system.
All Two-step multilayer metamaterial shell prototypes were weighted after
completing the manufacturing process to ensure that all inside voids were empty from any
residual Nylon powder. Small deformations in the verticality of the vertical member
connecting the circular loading plate to shell was observed. Small aluminum ring was used
around the vertical link member to ensure that it will remain undeformed and transfer the
applied load to the shells during testing as shown in Figure 9(a). The vertical link member
in the case of double scale prototypes was stiff enough to transfer the load to the shells
without the need of aluminum ring.

Table 2. Two-step multilayer metamaterial shell prototypes dimensions.

Prototype

RQ1-1L-01
RQ1-1L-02
RQ1-2L-01
RQ1-2L-02
RQ1-3L-01
RQ1-3L-02
RQ2-2L-01
RQ2-2L-02

No. of
Layers

Apex
Height h
mm

Shell Profile
Shell
Q
Thickness t
mm
mm/mm

Li

Lo

tw

hw

mm

mm

mm

mm

1
2

14.30
5.00

1.27

50

54

2.00 26.80

3.94
3
2

39.40
10.00

2.54

100

108

4.00 53.60
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(a)

(b)

Figure 5. Manufacturing of Two-step multilayer metamaterial shell prototypes: (a)
Without ring wall holes, and (b) With ring wall holes.

(a)

(b)

(c)

Figure 6. Two-step multilayer metamaterial shell prototypes: (a) One layer, (b) Two
layers, and (c) Three layers.

One prototype for the multilayer metamaterial shell with disconnected ring walls
(RSQ1-3L-D) was manufactured. Additionally, four prototypes of segmental multilayer
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metamaterial shells with male and female connection were manufactured as follows:
Two prototypes consist of three shell layers (Figure 8a), one prototype with six shell layers
(Figure 8c) and one double scale prototype with three shell layers (Figure 8b).
Manufacturing six-layer shell prototype was to investigate the limit of the number of shell
layers that can be connected without affecting the overall behavior. Table 3 illustrate the
dimensions of all segmental multilayer metamaterial shell prototypes as well as the number
of shell layers used in each.

Table 3. Segmental multilayer metamaterial shell prototypes dimensions.
Shell Profile

Prototype

RSQ1-3L-D
RSQ1-3L-01
RSQ1-3L-02
RSQ1-6L
RSQ2-3L

mm

Shell
Thickness
t
mm

3

5.00

1.27

6
3

10.00

2.54

No. of
Layers

Apex
Height h

Q

Li

Lo

hw

mm/mm

mm

mm

mm

50

54

6.27

100

108

12.54

3
3.94

Figure 7. Double scale vs regular scale Two-step multilayer metamaterial shell.
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(a)

(b)

(c)
Figure 8. Configuration of segmental multilayer metamaterial shell: (a) Three layer
prototype stacked over each other, (b) Regular and double scale three layer prototypes,
and (c) Six layer prototype.

4.2. PROTOTYPES TESTING
All prototypes were tested using Instron Dual Column 5965 machine with capacity
of 5kN. The prototypes were tested under quasi-static transverse loading using
displacement control loading with rate of 5mm/min. Five cycles of loading and loading
were performed on each prototype to consider the cyclic loading behavior of prototypes.
Shell prototypes were compressed to different displacements depending on number of shell
layers in each prototype. However, all samples were loaded to displacement that ensures
the full transfer of shells to the opposite buckling mode. All tests were recorded with high
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resolution cameras to capture the deformation of the prototypes during the loading and
unloading. As shown in Figure 9, no additional supports were used during testing of all
multilayer metamaterial shell prototypes except one prototype (RSQ1-3L-D) with the
discontinued ring walls (Figure 10).

(a)

(b)

Figure 9. Testing of Two-step multilayer metamaterial shell prototypes: (a) One layer
prototype, and (b) Two layer prototype.

RSQ1-3L-D prototype was tested in circular aluminum ring as shown in Figure
10(b) to act as a stiffener for the ring wall since the ring wall is disconnected between each
shell layer. Despite that the shell layers were connected together through the vertical link
member, the discontinuity of ring walls affected the whole stiffness of the shells during
testing and hence the prototype did not exhibit negative stiffness behavior after the first
cycle as discussed later.
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(a)

(b)

Figure 10. Segmental multilayer metamaterial shell with disconnected ring walls: (a)
RSQ1-3L-D prototype with circular aluminum ring, and (b) RSQ1-3L-D prototype
ready for testing.

5. RESULTS AND DISSCUSION

After testing all prototypes for five complete cycles of loading and unloading, all
prototypes where able to exhibit negative stiffness behavior. However, two different
behaviors for the Two-step and segmental multilayer metamaterial shell arrays were
observed. For the Two-step multilayer shell prototypes, the shells started to transfer from
the initial mode of buckling to the opposite mode of buckling passing through the second
mode of buckling (Figure 11). Such transition resulted in small tilting of the whole
prototype during testing. However, this tilting did not affect the ability of the shells to
exhibit negative stiffness behavior.
Figure 12(a) shows the force – displacement results of the first two prototypes
(RQ1-1L-01 and RQ1-1L-02) of the Two-step multilayer metamaterial shell prototype with
one shell layer. RQ1-1L-01 and RQ1-1L-02 prototypes exhibited positive stiffness
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behavior till a force threshold of approximately 210 N then the shell layer at the upper
half started to exhibit negative stiffness up to displacement of 10mm which is double the
apex height of one shell layer as it completed the transfer to the opposite mode of buckling.
After that, the unit started gaining positive stiffness once again through the shell layer on
the lower half of the unit until reaching force threshold of approximately 230N then started
exhibiting negative stiffness once again. Arranging and manufacturing shell layers in this
array increased the amount of energy dissipated through the system.

(a)

(b)

Figure 11. Snapping through of different Two-step multilayer metamaterial shells: (a)
Two-step one layer prototype, and (b) Two-step two layers prototype.

The two peaks in the force-displacement curve shown in Figure 12(a) represents
the two force thresholds of each shell layer in the unit. Because these prototypes consisted
of only one shell layer on each half, the force threshold of one shell layer was
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approximately 215N. After unloading the shell prototype in the first cycle, the
permanent deformation was around 2mm which represented 10% of the total displacement.
The sample was able to recover its initial configuration after full removal of load. The area
between the loading and unloading curves in Figure 12(a) represents the energy dissipated
through the system.
Both prototypes RQ1-1L-01 and RQ1-1L-02 behaved in very similar manner with
negligible difference of 5% in the force threshold due to initial imperfections from the
manufacturing process. During loading the second cycle, an average drop of 35% in the
force threshold was observed in both prototypes. However, the system was still able to
experience negative stiffness behavior. This drop was due to the 10% permanent
deformation took place in the system after the first loading cycle. For the third, fourth and
fifth cycles of loading and unloading the drop in the force threshold was only 7% compared
to the second cycle which was not significance compared to the drop between the first and
second cycles. Also, the permanent deformation was negligible between each two
consecutive cycles after the second loading cycle. Difference in the amount of energy
dissipated through the first and second cycle will be discussed later.
Similar behavior was observed for the two prototypes RQ1-2L-01 and RQ1-2L-02
but with taking into consideration that each prototype consisted of two shell layers in each
half of the unit which lead to nearly doubling the force threshold of each half to 400N due
to connecting the two shell layers to work in series (Figure 12b). Doubling the force
threshold increased the area between the loading and unloading curves in each cycle and
hence increased the amount of energy dissipated compared to the one shell layer
prototypes. The permanent deformation was slightly increased to 12% of the total
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displacement which is 2 % higher than that of RQ1-1L-01 and RQ1-1L-02 prototypes.
Similar force threshold drops of 37% was observed between the first and second cycle.

(a)

(b)

(c)

Figure 12. Experimental results of Two-step multilayer metamaterial shell prototypes:
(a) One layer prototypes, (b) Two layer prototypes, and (c) Three layer prototypes.

For RQ1-3L-01and RQ1-3L-02 prototypes, the results shown in Figure 12(c)
proved that all the three layers in each half worked together in series so that the force
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threshold increased to 600N (Approximately 200N per shell layer). The permanent
deformation was increased to 14% of the total displacement. It can be concluded that all
Two-Step multilayer metamaterial shell prototypes experienced two force threshold peaks
as well as negative stiffness behavior. Despite that the number of shell layers changed from
one prototype to another, all six prototypes were loaded to a total displacement of 20mm
which resulted in increasing the force threshold and energy dissipation with fixing the
movement of the shell prototype.
Figure 13 shows a comparison between the behavior of regular scale and double
scale Two-steps multilayer metamaterial shell prototypes. It can be observed that both
exhibited negative stiffness region. However, the force threshold in double scale prototypes
was four times the regular scale prototypes.
Furthermore, the displacement required to buckle all shell layers was doubled to
40mm as the apex height of the shells was doubled.
The behavior observed for the segmental multilayer prototypes was different than
the behavior of the Two-step multilayer prototypes, since the ring wall was directly
supported by the base plate of the testing machine and hence, no tilting was observed during
testing of tbe different prototypes. Figure 14 shows the transition state of shell prototype
RSQ2-3L from one mode of buckling to another. All segmental multilayer prototypes were
able to exhibit negative stiffness behavior during testing except one prototype (RSQ1-6L)
as shown in Figure 15. The results of segmental shell prototypes contain only one peak
force as the shells were arranged in one half unlike the Two-step shell prototypes which
consists of two half’s which resulted in two peaks in the force vs displacement results of
the tested prototypes.
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Figure 13. Double scale vs regular scale of Two-step multilayer metamaterial shell.

Figure 15(a) shows the force - displacement curves of three prototypes RSQ1-3LD, RSQ1-3L-01 and RSQ1-3L-02. All three prototypes consisted of three shell layers.
However, the ring wall in RSQ1-3L-D prototype is disconnected, unlike RSQ1-3L-01 and
RSQ1-3L-02 ring walls which are connected using male and female connection. The initial
stiffness of RSQ1-3L-D prototype was lower than that of RSQ1-3L-01 and RSQ1-3L-02
by 40%. This difference was due to that the stiffness of the disconnected ring walls was
lower than that of the connected walls with the male and female connection. Such
difference affected the ability of the ring wall to constrain the shell during deformation and
hence affected initial stiffness and negative stiffness behavior of the shell.
The force threshold of RSQ1-3L-D, RSQ1-3L-01 and RSQ1-3L-02 prototypes was
600N, 540N and 505N respectively. An average drop of 32% in the force threshold was
observed in all three prototypes during the second loading cycle. The plastic deformation
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in RSQ1-3L-D prototype was 30% which is higher than that of RSQ1-3L-01 and
RSQ1-3L-02 prototypes by 3 times.

Figure 14. Testing of Segmental multilayer metamaterial shell prototypes.

By comparing the force threshold of segmental shell prototypes with the Two-step
shell prototypes, the force threshold was lower in case of the segmental by approximately
13%. However, both arrays were able to exhibit negative stiffness behavior and the force
threshold was multiplied according to the number of shell layers in each prototype. Figure
15(b) shows the results of regular and double scale segmental prototypes. The force
threshold in case of double scale prototype was four times that of the regular scale. Also,
the total displacement was doubled which accordingly increased the amount of energy
dissipated by eight times. The results proved that doubling scale will increase the force
threshold by four times and increase the amount of energy dissipated by eight times.
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The results obtained from RSQ1-6L prototype with six shell layers yielded a
different behavior than the rest of segmental multilayer shell prototypes. The prototype did
not exhibit negative stiffness behavior as the stiffness of the vertical member used to
connect all shell layers together was not sufficient to transfer the load to all the shells. The
first three shell layers are only the layers deformed and hence the force threshold was 600N
as shown in Figure 15(c). The lower three shells did not carry any load and therefore the
force threshold as well as the negative stiffness behavior did not represent the six shell
layers. This issue can be solved by using stiffer vertical member during connecting the
shell layers to ensure the transfer of the load to the last shell layer. However, more
investigation needs to be done for prototypes with shell layers greater than three layers.
In order to calculate the area between the loading and unloading curves which
represented the amount of energy dissipated through each prototype, MATLAB code was
developed. The energy dissipated in the 1st and 2nd cycles for each prototype was calculated
and presented in Table 4. Also, the energy dissipated per unit mass was calculated. For the
Two-step multilayer shell prototypes, it can be observed that the amount of energy
dissipated per unit mass for the Two-step multilayer shell prototype with three shell layers
was 40% higher than that of the Two-step multilayer shell prototype with one shell layer.
However, the increase in the absolute value of the energy dissipation increased linearly
with the increase of number of shell layers used. This conclude that adding multiple shell
layers is more efficient that using single shell prototypes. Furthermore, the energy
dissipated per unit mass for regular and double scale prototypes was the same. However,
the energy dissipated through the large scale is eight times that of the small scale prototype.
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(a)

(b)

(c)
Figure 15. Experimental results of Segmental multilayer metamaterial shell prototypes:
(a) Disconnected vs connected ring walls prototypes, (b) Small and large scale
segmental prototypes, and (c) Six layer segmental prototype.

For the segmental multilayer metamaterial shell prototypes, the amount of energy
dissipated per unit mass was slightly lower than that of the Two-step multilayer shell
prototypes. However, the absolute energy dissipated was half that of the Two-step
prototypes as the segmental prototypes consisted of one half of shell layers. There is
obvious drop in the energy dissipated through the 2nd cycle compared to the 1st cycle due
to the plastic deformation occurred. For prototype RSQ1-6L, the amount of energy
dissipated does not represent the actual energy dissipation of six shell layers as the lower
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three shells did not contribute to the behavior of the system. Which require more
enhancement in the vertical link member to find the actual amount of energy dissipated.
All the results shown on this study was based on one shell profile that have the same apex
height to shell thickness ratio which means that changing the profile of the shell layer will
affect both the force threshold as well as the energy dissipated.

Table 4. Energy dissipation of multilayer metamaterial shells prototypes.
Energy Dissipated
Prototype

RQ1-1L-01

1st Cycle
2nd Cycle
Joules
2.07
1.24

Mass

Volume

grams

cm3

14.11

15.17

Energy Dissipated
per unit mass
1st Cycle 2nd Cycle
mJ/gram
146.72
81.74

RQ1-1L-02

1.98

1.20

14.11

15.17

140.34

79.10

RQ1-2L-01

3.57

2.12

22.66

24.37

157.52

86.99

RQ1-2L-02

3.87

2.25

22.66

24.37

170.75

92.33

RQ1-3L-01

6.27

3.41

31.22

33.57

200.83

101.58

RQ1-3L-02

6.22

3.37

31.22

33.57

199.23

100.39

RQ2-2L-01

32.03

18.07

181.31

194.96

176.66

92.69

RQ2-2L-02

31.28

17.96

181.31

194.96

172.52

92.12

RSQ1-3L-01

2.63

1.18

15.86

17.05

165.86

69.21

RSQ1-3L-02

2.89

1.35

15.86

17.05

182.26

79.18

RSQ1-6L

3.94

1.57

31.62

34.00

124.60

46.18

RSQ2-3L

22.70

10.74

126.82

136.37

178.99

78.76

Energy dissipation results of segmental multilayer prototype with disconnected
walls (RSQ1-3L-D) was not discussed due to the initial reduction in stiffness that the
prototype experience during testing. It can be concluded that disconnected ring walls is not
recommended in manufacturing multilayer metamaterial shell prototypes.
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6. FINITE ELEMENT MODELING

Finite element models (FEMs) for Two-step multilayer metamaterial shells were
developed using LS-Dyna and validated with experimental results. The model consisted of
multilayer metamaterial shell as well as upper and lower plates as shown in Figure 16(a).
The upper and lower plates represented the testing machine and were modeled using solid
elements. The shell layers, middle circular plate and the ring walls of shell prototype were
modeled using shell elements while the vertical link member and upper and lower shell
loading plates were modeled as beam elements (Figure 16). Piecewise linear plasticity
model was used to model the Nylon PA12 with properties shown in Table 1. Plastic
kinematic material model was used to model the Steel material of the upper and lower
plates (Table 1).
Three finite element models (FEMs) were developed for prototypes with one, two
and three shell layers. Additionally, one finite element model (FEM) was developed for the
double scale prototype RSQ2-3L. All models were loaded with displacement control
loading of 5mm/minute similar to that used in experimental testing.
Implicit dynamic analysis was used to achieve accurate simulation of shells during
deformation from one mode of buckling to another based on previous studies [16, 17].
Node to surface contact type was used with coefficient of friction of 0.2 to model the
interface between the testing machine plates and the shell prototype and prevent any
penetration between the two parts in the finite element modeling. All four models were
loaded for one complete cycle of loading and unloading in order to be validated with the
experimental results.
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(a)

(b)

(c)
Figure 16. Finite element modeling of Two-step multilayer metamaterial shell
prototypes: (a) Two layer shell prototype, (b) Cross-section in the two layer shell
prototype, and (c) Deformed shape of the two layer shell prototype.

The developed FEMs were able to accurately capture the negative stiffness
behavior of the Two-step multilayer metamaterial shell. Figure 16(c) shows the deformed
shape of RQ1-2L shell model before unloading the shell prototype. The force –
displacement results of all four models are shown in Figure 17. The FEMs were able to
predict the two force thresholds occurred during testing the shell prototypes. An average
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error of 25% was observed in predicting the force thresholds for different shell
prototypes. The plastic deformation from FEMs was generally 10% higher than that
measured from experimental testing. For example, FEM of RQ1-1L yielded a plastic
deformation of 18%, while the experimental testing yielded a plastic deformation of only
10% (Figure 17a).

(a)

(b)

(c)

(d)

Figure 17. Finite element results of Two-step multilayer metamaterial shell prototypes:
(a) One layer prototypes, (b) Two layer prototypes, (c) Three layer prototypes, and (d)
Double scale two layer prototype.
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The energy dissipation calculated from the FEMs was lower than that of
experimental results by an average of 35% due to the error is predicting the force thresholds
during loading and unloading the shell prototypes. It can be concluded that the developed
models can be used in predicting the force threshold, plastic deformation and energy
dissipation of multilayer metamaterial shells.

7. CONCLUSIONS

In this study, the behavior of multilayer metamaterial shell under transverse loading
was investigated. The multilayer metamaterial shell exhibited negative stiffness behavior
when transferred from one mode of buckling to another. All prototypes were manufactured
using selective laser sintering (SLS) printing with Nylon PA12 material. Two shell designs
were investigated: First, design and manufacture an array of multilayer metamaterial shells
as one unit. Second, design and manufacture each shell layer individually then connecting
the shell layers together as a segmental structure to facilitate the installation and
maintenance process of the system. All prototypes tested under transverse loading using
displacement control rate of 5mm/min. Only one shell profile was considered in this study
for all shell layers with the same apex height to shell thickness ratio (Q). Finite element
analysis was carried out to predict the behavior of multilayer metamaterial shell prototypes
and the results were validated with the experimental data. Based on the results presented
in this study, the authors conclude the following:
1. The multilayer metamaterial shell system increased the force threshold as well
as the energy dissipated so that it become more adequate for structural
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applications such as impact protection of structures, base isolators, blast
protection, etc.
2. The force threshold and the energy dissipation increased linearly with
increasing the number of shell layers used.
3. The multilayer metamaterial shell prototypes were able to exhibit negative
stiffness behavior similar to the single metamaterial shell. The shell layers were
able to snap through from one mode of buckling to another in the same time
due to connecting them together in series.
4. Manufacturing the multilayer metamaterial shell as on unit and manufacturing
the shell layers individually and connecting them using male and female
connection in a segmental array were both successful in increasing the force
threshold energy dissipation through the system.
5. Manufacturing multilayer metamaterial shell without connecting ring walls will
result in 40% reduction in the initial stiffness of the system and hence it is not
recommended in manufacturing the system.
6. Most of multilayer metamaterial shell prototypes were able to dissipate
approximately up to 70% of the total input energy and recover initial
configuration with maximum plastic deformation of 15%.
7. The developed finite element models (FEMs) were able to accurately capture
the negative stiffness behavior multilayer metamaterial shell prototypes with
average error 25% in the force threshold and 35% in the amount of energy
dissipation.
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ABSTRACT

Negative stiffness metamaterial shells are man-made engineered shells that has the
ability to dissipate high levels of mechanical energy. Such shells dissipate energy through
nonlinear elastic behavior by deforming from one mode of buckling to another passing
through negative stiffness region. The shells have the ability to recover initial configuration
after removing the applied load and hence the ability to be used for multiple cycles. This
study investigates the behavior of negative stiffness metamaterial shells under quasi-static
and impact transverse loading to be used in different infrastructure applications such as
impact protection, base isolation and shock absorbers. Shell prototypes were manufactured
using 3D selective laser sintering (SLS) with Nylon PA12 material. Experimental testing
of prototypes was carried out for different shell profiles. Impact loading was applied on
shell prototypes attached to a base structure using impact hammer as a pendulum falling
from different heights. The base structure was impacted by the impact hummer two times,
one without using shell prototype and another with installing the shell prototype. The
difference in acceleration was measured in both cases. The results indicated that the shells
were able to isolate the underlying base structure and recover their initial configuration.
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The investigated shells have a high potential to be used for shock isolation, impact
protection and energy dissipation applications.
Keywords: Negative stiffness, Metamaterial, Shell, Impact, energy dissipation, buckling,
snap-through.

1. INTRODUCTION

In the last 30 years, more than 160 bridges failed due to collision in the United
States [1-3]. Most of the departments of transportation (DOTs) all over US suffers from
hundreds of bridge collisions every year. The majority of bridge collisions are due to overheight trucks [4]. The high impact energy generated from collision with bridge piers and
girders can have catastrophic consequences. Designing bridge piers and girders to
withstand the impact force from collision requires high additional costs. Different
protection systems like concrete barriers, fenders and bumpers were used to protect the
piers and reduce the impact energy on the bridge by absorbing a portion of the impact
energy. However, the high cost for construction and repairing of such systems as well as
the amount of energy reflected in the vehicles increases the need for more efficient, safe
and reusable protection systems
Recently, significant efforts from researchers are focused in developing materials
and structures with unique mechanical properties that can be designed according to the
requirements needed for a specific application. For example, metamaterial structures are
man-made engineered structures that has the ability to exhibit unique mechanical properties
such as negative stiffness, negative poisson’s ratio and negative compressibility [5-8]. Such
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properties oppose the natural mechanical properties of structures, however, it opens the
door for such structures to achieve unique characteristics and to be used in a wide variety
of application. Metamaterial structures that can exhibit negative stiffness behavior were
developed and proposed for many energy applications such as shock absorbers, energy
dissipation, seismic protection and impact protection [9-12]. Negative stiffness
metamaterial elements/structures dissipate high levels of energy by experiencing elastic
deformation from one mode of buckling to another. Since the deformation of such
elements/structures remains in the elastic region, they are re-usable for multiple loading
cycles and hence offer huge reduction in maintenance and repair costs.
A pre-buckled beam that can exhibit negative stiffness behavior was proposed by
Qiu et al.[13]. The beam profile simulates an equivalent shape of straight beam with
applied axial load. Applying transverse loading to the pre-buckled beam forces the beam
to transfer from the initial mode of buckling to another through which the beam exhibit
negative stiffness region. The beam was proposed to be used in microelectromechanical
systems (MEMS) devices such as valves, clips, memory cells and threshold switches. In
2013, Klatt et al. [14] started to investigate the proposed pre-buckled beam for energy
dissipation applications. Experimental testing of 3D printed prototypes of the pre-buckled
beam under quasi-static transverse loading was carried out. The results indicated that the
beam was able to dissipate energy by deforming from one buckling mode to another.
In 2015, Correa et al. [9, 15, 16] build on the pre-buckled beam presented by Qiu
et al. [13] to develop a negative stiffness honeycomb structure. The honeycomb structure
consisted of multiple rows and columns of connected pre-buckled beam that has the ability
to exhibit negative stiffness behavior when subjected to quasi-static transverse loading.
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The negative stiffness honeycombs were 3D printed with Nylon 11 to accommodate
the large strains occurred during deformation. The behavior of negative stiffness
honeycombs was compared to the conventional honeycombs. The results showed that the
negative stiffness honeycombs are reusable and dissipate energy by deforming from one
shape to another without any plastic deformation, unlike the conventional honeycombs
which were severely damaged after one cycle of loading. The study showed that negative
stiffness honeycombs have a great potential to be used in different application that requires
energy dissipation such as shock isolation and vibration damping.
A study done by Rafsanjani et al. [17] was focused on the behavior of pre-buckled
beams arranged in arrays under tension loading. The tested structure was able to snapthrough from one buckling mode to another when subjected to tension loading. The study
showed that the ability of pre-buckled beam to exhibit negative stiffness behavior under
tension loading.
Darwish and ElGawady [18] used the same profile of pre-buckled beams proposed
by Qiu et al. [13] to develop negative stiffness metamaterial shells (Figure 1) that has the
ability to exhibit negative stiffness behavior when subjected to quasi-static transverse
loading. The negative stiffness shells were manufactured using 3D printing from Nylon PA
12. Experimental and finite element modeling of negative stiffness metamaterial shells
were carried out to investigate the force thresholds and energy dissipation capabilities of
the proposed shell. Results indicated the ability of the shell to deform from one mode of
buckling to another and exhibit negative stiffness behavior similar to the pre-buckled
beams, moreover, the shells were able to achieve higher force thresholds and higher energy
dissipation per unit mass when compared to pre-buckled beams. The developed shells were
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able to recover their initial configuration after releasing the load with minimal
deformation and hence, the shells are re-usable for multiple loading and unloading cycles.
Frenzel et al. designed a three-dimensional unit that is consists of multiple prebuckled beams and investigated the negative stiffness behavior of the whole unit [7]. The
beams were arranged in three-dimensional and repeated periodically to exhibit a negative
stiffness behavior when subjected to compression loading. Harne et al. [19] presented a
fully functional module of a combination between positive and negative stiffness elements
arranged in series and parallel that has the ability to generate hysteretic behavior.
Combining negative stiffness elements in series with an additional non-negative stiffness
element enabled a controlled force-displacement behavior.

(a)

(b)

Figure 1. Negative stiffness metamaterial shell: (a) Geometry, and (b) 3D printed
shell prototype.

Most of the available studies focuses on the quasi-static behavior of negative
stiffness elements like pre-buckled beams[13, 14], honeycombs [9], and shells [18].
Recently, few studies started to investigate the impact behavior of various negative
stiffness elements and structures. Shan et al. [20] investigated the impact behavior of multi-
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stable architected materials. The multi-stable architected structure consists of tilted
beams. Experimental testing was carried out on multi-stable prototypes by dropping
specimens from various heights. The results showed that the energy absorption capability
of such structures depends mainly on the structural geometry of the printed prototypes and
hence the behavior is material and loading rate independent.
Debeau et al. [21] experimentally investigated the mechanical behavior of negative
stiffness honeycombs under both quasi-static and impact loading. The negative stiffness
honeycomb was manufactured using 3D printing selective laser sintering from Nylon
similar to that investigated by Correa et al. [15] but the study also included an additional
negative stiffness honeycomb manufactured from Aluminum to investigate the behavior of
different materials as well. A drop mass test was performed on both negative stiffness
honeycomb materials and results indicated that the honeycombs can be used for shock
isolation as long as the amount of the mechanical energy transferred to the honeycomb
does not exceed the capacity of the honeycomb for energy dissipation. Increasing force
thresholds and the energy dissipation capacity of negative stiffness elements is necessary
to allow the wide use of such elements in various infrastructure application.

2. RESEARCH SIGNIFICANCE

Negative stiffness metamaterial shells have shown the ability to achieve higher
levels of force thresholds and energy dissipation per unit mass when compared to negative
stiffness pre-buckled beams. This study investigates the behavior of negative stiffness
metamaterial shells under both quasi-static and impact loading. Prototypes of negative
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stiffness metamaterial shells were manufactured using 3D selective laser sintering from
Nylon PA12 material. Two different shell profiles with the highest energy dissipation and
force thresholds associated with minimal plastic deformation [18] were used to
manufacture shell prototypes. The shell prototypes were tested by using impact hammer as
a pendulum to impact the shells from different heights while the acceleration of the base
structure was measured to illustrate the effect of using the shells as a protection for the base
structure. Two base structures, one metal plate and one wood plate were used as simple
beams to represent the base structure to be protected and to investigate the effect of
protecting different base structure materials. The predictability and repeatability of their
negative stiffness behavior and energy dissipation will be discussed. The ability of the
system to recover initial shape once the applied load was removed and to withstand
multiple impact cycles will be illustrated.

3. EXPERIMENTAL WORK

3.1. NEGATIVE STIFFNESS SHELLS DESIGN AND GEOMETRY
Negative stiffness metamaterial shell prototypes were manufactures using 3D
selective laser sintering (SLS) to investigate the shell behavior under both quasi-static and
impact loading conditions. Selective laser sintering (SLS) is a powder-based layer additive
manufacturing technique which is originally meant for rapid prototyping. This
manufacturing technique depends on laser beams either in continuous or pulse modes to be
used as a heat source for joining the material powder used in predetermined sizes [22]. The
process starts from the bottom of the prototype by heating one layer of the powder to form
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the prototype, then another powder layer is deposited over the finished layer and this
process continues till the full prototype is completed. Other manufacturing processes that
depends on fusing filaments on multiple layers may result in delamination between in the
layers and are not recommended for negative stiffness elements [18].
A total of six prototypes were manufactured and experimentally tested under
different loading conditions. Force thresholds, impact protection, and plastic deformations
in the shells will be discussed. Two different negative stiffness shell profiles were used to
manufacture the shell prototypes as shown in Table 1. The shell profile is designed
according to Equation 1. Where w(x) is the height of shell measured from the straight line
connecting both ends of the shell, t is the shell thickness, h is the apex height of the shell
at the mid span, Li is the clear span length and x is the horizontal location of any point on
the shell from origin. The geometry of the negative stiffness shell prototype is shown in
Figure 1(a). The shell is supported by a ring beam that is in a state of internal equilibrium
while providing the required restrains for the shell structure.

ℎ

360°

𝑤(𝑥) = 2 [∫0°

𝑥

[1 − 𝑐𝑜𝑠 (2𝜋 𝑙 )]]

(1)

One of the main parameters that affects the negative stiffness behavior of shell is
apex height – to - shell thickness h/t ratio defined as Q and hence the main difference
between the two shells profiles used in manufacturing the prototypes is the value of Q. A
total of six prototypes were manufactured, three prototypes were manufactured using shell
profile Q1 with a Q ratio of 3.94 and another three prototypes using shell profile Q2 with
a Q ratio of 3.90. Those two profiles were selected to achieve high force thresholds as well
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as high energy dissipation per unit mass associated with minimal plastic deformation
[18]. A Q ratio of 2.5 or higher is necessary to ensure that negative stiffness behavior will
occur during the deformation of the shell from one mode of buckling to another [13, 15,
18].

Table 1. Dimensions of negative stiffness shell prototypes.
Apex Height
h
mm

Shell Thickness
t
mm

Q

Li

Lo

hb

tb

mm/mm

mm

mm

mm

mm

Q1

5.00

1.27

3.94

50.00 54.00

6.27

2

Q2

6.00

1.55

3.90

50.00 54.00

6.60

2

Prototype

Nylon PA12 material was selected for manufacturing the prototypes for its ability
to achieve high strains of approximately 18% elongation at break. During the deformation
of the shell, high strains are expected due to the high displacement values occurs during
changing from one mode of buckling to another. The properties of Nylon PA12 material is
shown in Table 2. By using Nylon PA12 which is a lightweight material, the negative
stiffness shell structure will provide significant reduction in the costs associated with
installation and freight. Moreover, it adds an important value for the structure to be used in
critical applications that require lightweight structures such as impact protection of existing
bridge girders as such girders are not originally designed to withstand heavy loads of the
available impact protection structures.
Testing of negative stiffness shell prototypes was carried out as follows: One
prototype from each profile (Q1 and Q2) was tested under quasi-static transverse loading
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to investigate the negative stiffness behavior, force threshold and energy dissipation of
the two profiles. Two prototypes from each profile (Q1 and Q2) will be tested under impact
loading, one of them will be attached to metal plate base structure and the second will be
attached to wood plate base structure and both prototypes will be tested under two different
impact heights.

Table 2. Properties of Nylon PA12.
Property
Young’s modulus (E) MPa
Yield stress (SIGY) MPa
Density (D) kg/m3
Poisson’s ratio (PR)
Ultimate strain (%)

Nylon PA12
1600
24
930
0.33
18

3.2. QUASI-STATIC TESTING OF SHELLS
Q1 and Q2 prototypes were tested using the Instron 5965 Load Frame with 5kN
capacity, under quasi-static compression loading for one complete cycle of loading and
unloading. The loading was applied on prototypes using displacement control loading
protocol of 5mm/min. Each prototype was deformed to ultimate displacement value of
double the apex height of each prototype then the load was removed with the same rate of
5mm/min. Such deformation ensures that the shell was totally transferred from the initial
mode of buckling to the opposite mode of buckling as shown in Figure 2(a). All prototypes
were tested without the use of any external supports. Both Q1 and Q2 prototypes were able
to exhibit negative stiffness behavior during the transition from one mode of buckling to
another.
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Q1 prototype reached a force threshold of approximately 200N after which the
shell started to exhibit negative stiffness behavior reflected in a decrease in the force
accompanied with increasing the displacement. Q2 prototype reached a force threshold of
450N which is 2.25 times the force threshold of Q1 prototype before exhibiting the negative
stiffness behavior (Figure 2b). This increase is mainly attributed to the increase in the shell
thickness and apex height of Q2 prototype as the shell thickness of Q2 was higher than that
of Q1 by 20% while the apex height was higher by 26%.

(a)

(b)

Figure 2. Quasi-static testing of negative stiffness metamaterial shell: (a) Deformation
of shell, and (b) Force vs displacement for Q1 and Q2 prototypes.

As a result of having higher apex height and higher shell thickness, Q2 prototype
experienced a plastic deformation of 16% of the ultimate displacement which is greater
than the plastic deformation occurred in Q1 prototype by 6%. The force – displacement
results of Q1 and Q2 tested under quasi-static loading are presented in Figure 2(b). The
area between the loading and unloading curves in the force – displacement relation was
calculated using MATLAB code to determine the amount of energy dissipation. Q1
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prototype dissipated 0.85 joules while Q2 prototype dissipated 2.20 joules which is 2.6
times the energy dissipated by Q1 prototype. Both prototypes were able to recover their
initial shape after one complete cycle of loading and unloading.

3.3. IMPACT TESTING OF SHELLS
In order to investigate the impact behavior of negative stiffness shells, two
prototypes of Q1 and two prototypes of Q2 were tested under impact loading. An in-house
custom impact apparatus was designed to test shell prototypes using an impact hammer.
The impact test setup is shown in Figures 3(a) and 3 (b). The main aim of the test apparatus
was to apply impact loading on a base structure two times, in the first time, the impact
hammer hits the base structure directly without the shell prototype attached and in the
second time, the impact hammer hits the base structure but with attaching the shell
prototype on the base structure to act as an impact protection system. Acceleration of the
base structure was recorded on both cases using an accelerometer which is rigidly fixed on
the base structure to determine the difference in the acceleration of the base structure and
hence determine the effect of using the negative stiffness shell prototype.
The impact hummer was connected to a rotating arm to swing as a pendulum from
different heights and hit the base structure. Two base structures were used in testing, the
first base structure is a steel plate and the second one is a wood plate. Both plates were
installed as a simple beam structure on two supports and fixed from both supports on steel
H-pile shown in Figures 3(a) and 3(b). The aim of installing the base structures as a simple
beam structure was to allow both the steel and wood plate to deform whenever hit by the
impact hammer and hence record the acceleration resulted from the vibration of the
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structure. The steel H-pile was fixed to a strong floor using steel rods to ensure that the
H-pile is well fixed to the ground and will not exhibit any vibrations during testing to ensure
that all the measured acceleration is from the base structure. Different components of the
impact test setup are shown in Figure 3.

(a)

(b)

Figure 3. Impact testing of negative stiffness metamaterial shell: (a) Steel plate base
structure setup without shell prototype, and (b) Wood plate base structure with shell
prototype attached.

The mass of the impact hammer used was 1.3 kg and it was dropped from two
different heights of 40 mm and 90 mm to test the shell prototypes under different impact
energies. The potential energy in the impact hammer dropped from 40 mm height was 0.51
Joules, this potential energy was changed to kinetic energy at the time of impact. The
velocity of the impact hammer was 0.9 m/sec calculated from the kinetic energy. The
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potential energy was increased on the second case when the impact hammer was
dropped from 90 mm height to be 1.15 Joules, while, the velocity of the impact hammer
was equal to 1.35 m/sec.
For each base structure, the impact hammer was raised to a height of 40 mm and
left to impact the base structure directly until the impact hammer reaches a steady mode to
represent the first impact event, then the impact hammer was raised again to the same
height of 40 mm and left to impact the base structure once again until it reaches steady
state and this was considered as the second impact event (Figures 4a through 4c). The two
impact events were done to ensure the repeatability of the recorded acceleration of the base
structure. These two impact events were repeated but the only change was that the impact
hammer was raised to higher point with height of 90 mm. The acceleration was recorded
for both the steel and wood base structures for the two consecutive impact events, for each
of the two heights 40 mm and 90 mm without the use of any shell prototypes. The
accelerometer data was collected using a data acquisition system (National Instruments NI
PXI-4498) and recorded using LABVIEW software. All the impact events were recorded
with high resolution- slow motion camera to capture the deformations in the base structure
as discussed later in this study.
After collecting the acceleration data for both the steel and wood base structure
without the use of any shell prototype attached to them, Q1 shell prototype was attached to
the wood base structure using tape to hold it in place (Figure 4d) and the two impact events
were repeated as before from each of the two heights, 40 mm and 90 mm respectively
(Figures 4d through 4f). The two impact events from the same height was to ensure that
the behavior of the shell prototype in deforming from one shape to another is repeatable
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and that the recorded acceleration is similar in both events which will prove the
reusability of the shell prototype. After that, Q1 shell prototype was removed and the same
impact events were repeated using Q2 shell prototype attached to the wood base structure
instead of Q1 shell prototype.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4. Movement of impact hammer as a pendulum: (a) Impact of Wood plate base
structure without shell prototype, and (b) Impact of Wood plate base structure with Q1
shell prototype attached.

Same impact events and testing procedure was performed on the steel base structure
without and with attaching Q1 and Q2 shell prototypes. The stiffness of the steel base
structure was much higher compared to the wood base structure to investigate the effect of
the stiffness of the base structure on the behavior of negative stiffness shell prototypes.
After each impact event, the impact hammer was left to bounce back and force hitting either
the base structure only or the base structure with the shell prototype attached multiple times
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until it comes to rest then the impact hammer was raised again to start a new impact
event. The complete acceleration- time history was recorded for impacting testing to
investigate the effect of using the shell prototype on the two base structures.

4. RESULTS AND DISCUSSION

A summary of the impact tests performed is as follows: For wood base structure,
two impact events on wood base structure from 40 mm height, two impact events on wood
base structure from 90 mm height, two impact events on wood base structure with Q1
attached from 40 mm height, two impact events on wood base structure with Q1 attached
from 90 mm height, two impact events on wood base structure with Q2 attached from 40
mm height, and two impact events on wood base structure with Q2 attached from 90 mm
height. For steel base structure, two impact events on steel base structure from 40 mm
height, two impact events on steel base structure from 90 mm height, two impact events on
steel base structure with Q1 attached from 40 mm height, two impact events on steel base
structure with Q1 attached from 90 mm height, two impact events on steel base structure
with Q2 attached from 40 mm height, and two impact events on steel base structure with
Q2 attached from 90 mm height.
Elastic deformations in the wood base structure were observed when the impact
load was applied. Figure 5(a) shows the wood base structure before and after applying the
impact load using the impact hammer dropping from a height of 90 mm, it can be noted
that the wood deflected backwards due to the impact load applied on it, while in Figure
5(b) after attaching Q1 shell prototype on the wood base structure and the impact load was
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applied by dropping impact hammer from the same height of 90 mm, the Q1 shell
prototype was deformed to the third mode of buckling preventing the wood base structure
from experiencing large deformations as reported in the first case without attaching the
shell prototype.

(a)

(b)

(c)
Figure 5. Deformation of Wood plate base structure: (a) Impact without shell
prototype, (b) Impact with Q1 shell prototype from 90mm height, and (c) Impact
with Q2 shell prototype from 90mm height.
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Similar behavior was observed in the case of dropping the impact hammer from
40 mm height, however, since the potential energy stored decreased by decreasing the
dropping height and as a result of that, the kinetic energy at the time of impact was also
reduced, the Q1 shell prototype did not fully deform to the third mode of buckling. The
impact force on the case of 40 mm was not big enough to full deform Q1 prototype. The
same behavior was observed during testing steel base structure. Q1 shell prototype was
fully deformed when the impact hammer was dropped from 90 mm height and partially
deformed when the impact hammer was dropped from 40 mm.
For Q2 shell prototype attached to the wood base structure, dropping the impact
hammer from 40mm height resulted in partial deformation in the shell prototype and the
wood base structure did not experience high deformations. On the other hand, a different
behavior was observed by dropping the impact hammer from 90mm height as the wood
base structure was deformed without having the Q2 shell prototype deformed (Figure 5c).
Increasing the dropping height from 40mm to 90mm resulted in increase in the potential
energy by 2.25 times which resulted in higher kinetic energy that deformed the wood plate
without deforming the Q2 shell prototype. It can be concluded that the base structure has
to be stiff enough with respect to the force threshold of the shell so that the shell can deform
and isolate the base structure from experiencing the impact energy. Such behavior did not
exist in testing the steel base structure with Q2 shell prototype as the steel was much stiffer
compared to the wood and hence the Q2 shell prototypes was partially deformed in both of
the two cases of dropping the impact hammer from the 40mm and 90mm heights.
Figure 6 shows the acceleration – time history of impact tests performed on the
steel base structure without and with attaching shell prototypes. The peak acceleration of
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the steel base structure without any shell prototype attached was 1.5g in the case of
dropping the impact hammer from 40mm height and 75g when dropping the hammer from
90mm height (Figures 6a and 6c). After attaching Q1 shell prototype to the steel base
structure, the peak acceleration recorded was 0.38g for the 40 mm height (Figure 6b) and
0.3g for the 90 mm height (Figure 6d). The shell prototype was able to completely isolate
the steel base structures as the peak acceleration of the steel base structure was reduced
from 1.5g to 0.38g for the 40mm height and from 75g to 0.360g for the 90mm height.
Similar behavior was observed when Q2 shell prototype was attached to the wood base
structure.
The peak acceleration recorded for the wood base structure with attaching the Q2
shell prototype to the wood was 0.5g and 0.8g for the 40mm and 90mm heights,
respectively. The peak acceleration recorded for the steel base structure with attaching the
Q1 shell prototype was lower than that with attaching the Q2 shell prototype by 60%. Such
reduction in the recorded acceleration is due to the higher force threshold of Q2 shell
prototype compared to Q1 shell prototype. Therefore, Q1 shell prototypes were able to
achieve better isolation of the steel base structure as the impact energy was high enough to
fully deform the shell from one mode of buckling to another and hence higher energy
dissipation and lower vibration to the base structure.
Figures 6(c) and 6(d) presents a comparison between the acceleration – time history
of one impact event on the steel base structure without and with using different shell
prototypes as a protection system for the steel base structure for the 40mm and 90mm
dropping heights, respectively.A high drop in the accelartion recorded on the steel base
structure was observed as well.
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(a)

(b)

(c)

(d)

(e)
(f)
Figure 6. Acceleration – time history results of Steel plate base structure: (a) Two
consecutive impact events without shell prototype (h = 40mm), (b) Two consecutive
impact events with Q1 and Q2 shell prototypes attached (h = 40mm), (c) Two
consecutive impact events without shell prototype (h = 90mm), (d) Two consecutive
impact events with Q1 and Q2 shell prototypes attached (h = 90mm), (e) Comparison
of one impact event with and without using shell prototype (h = 40mm), and (f)
Comparison of one impact event with and without using shell prototype (h = 90mm).
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The acceleration- time history results of impact testing of wood base structure
is presented in Figure 7. The peak acceleration recorded for testing the wood base structure
without attaching any shell prototypes was 110g (Figures 7a and 7c) which is large than
the peak acceleration of steel base structure by 45%. Using Q1 shell prototype reduced the
peak acceleration on the wood base structure from 110g to 1.4g in the case of dropping the
impact hammer from 40mm (Figure 7b), while the peak acceleration was reduced from
110g to 18g in the case of dropping the impact hammer from 90mm height (Figure 7d).
This increase in the peak acceleration recorded for the 90mm height when using Q1 shell
prototype is due to that the wood base structure deformed and did not prevent the shell
from movement and hence the shell was not able to reach the maximum capacity.
The previous behavior is clearly illustrated when Q2 shell prototype was used. By
dropping the hammer from 40mm, the wood base structure was able to prevent the shell
prototype from movement and the peak acceleration recorded was 2.6g as the shell partially
deformed (Figure 7b), on the other hand, dropping the hammer from 90mm increased the
potential and kinetic energy so that the wood base structure was not able to prevent the
shell prototype from movement and the peak acceleration recorded was 110g (Figure 7d)
which indicated that the shell prototype did not deform and transferred all the impact
energy to the wood. Figures 7(c) and 7(d) shows a comparison between the acceleration –
time history of one impact event on the wood base structure without and with using
different shell prototypes for the 40mm and 90mm dropping heights respectively. It can be
noted that the stiffness of the base structure must be adequate to prevent the shell from
movement and therefore the shell will deform and isolate the base structure. Failure to do
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so will result in the movement of the shell with the base structure and will not affect
the energy transferred to the base structure.

(a)

(b)

(c)
(d)
Figure 7. Acceleration – time history results of Wood base structure: (a) Two
consecutive impact events without shell prototype (h = 40mm), (b) Two consecutive
impact events with Q1 and Q2 shell prototypes attached (h = 40mm), (c) Two
consecutive impact events without shell prototype (h = 90mm), (d) Two consecutive
impact events with Q1 and Q2 shell prototypes attached (h = 90mm), (e) Comparison
of one impact event with and without using shell prototype (h = 40mm), and (f)
Comparison of one impact event with and without using shell prototype (h = 90mm).
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(e)
(f)
Figure 7. Acceleration – time history results of Wood base structure: (a) Two
consecutive impact events without shell prototype (h = 40mm), (b) Two consecutive
impact events with Q1 and Q2 shell prototypes attached (h = 40mm), (c) Two
consecutive impact events without shell prototype (h = 90mm), (d) Two consecutive
impact events with Q1 and Q2 shell prototypes attached (h = 90mm), (e) Comparison
of one impact event with and without using shell prototype (h = 40mm), and (f)
Comparison of one impact event with and without using shell prototype (h = 90mm)
(Cont.).

5. FINDINGS AND CONCLUSIONS

This study investigated the behavior of negative stiffness metamaterial shells under
quasi-static and impact loading conditions. Prototypes of negative stiffness metamaterial
shells were manufactured using 3D printing selective laser sintering from Nylon PA12.
Two shell prototypes were tested under quasi-static transverse loading. A total of four shell
prototypes with two different apex height-to-shell thickness ratio were tested under impact
loading. A custom impact hammer pendulum was designed to apply impact loading on a
base structure with and without shell prototypes attached to the base structure. The
acceleration-time history was recorded during the impact events to measure the difference
between the base structure acceleration when impacted directly without using shell
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prototype and when impacted with the shell prototype installed. Two base structure
materials, steel and wood were used to investigate the effect of using different base
structure materials on the behavior and deformation of the shell prototypes. This study
revealed the following findings and conclusions:


The shell prototypes exhibited negative stiffness behavior during the transition
from one mode of buckling to another under quasi-static transverse loading.



Increasing the shell thickness by 20% while keeping the apex height-to-shell
thickness ratio close to four resulted in doubling the force threshold of the shell and
hence significantly increased the energy dissipated by 150%. However, the plastic
deformation was increased by 6%.



The tested shell profiles dissipated from 60% to 70% of the total input energy.



Impact testing of base structure with shell prototypes attached resulted in complete
isolation of the base structure since the shell prototype deforms and significantly
reduce the impact energy transferred to the base structure.



In some cases, the shell prototypes were able to reduce the acceleration of the base
structure by 98% and hence offered protection of the base structure.



The base structure must be stiff enough to support and prevent the shell prototype
from movement in order to reach the required isolation by the shell prototype,
failure to do so will result in movement of the shell prototype with the base structure
without deforming and hence no reduction in the acceleration.



Shell prototypes were able to achieve the same impact behavior for several impact
events and hence the structure is reusable for multiple impact cycles.
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6. DATA AVAILABILITY STATEMENT

The raw/processed data required to reproduce these findings cannot be shared at
this time as the data also forms part of an ongoing study.
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SECTION

3. SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

3.1. SUMMARY OF RESEARCH WORK
The objective of the proposed research was to develop, test, and evaluate innovative
negative stiffness metamaterial shell structures that have the ability to dissipate high levels
of energy that can be used in different structural applications. An innovative negative
stiffness metamaterial shell structure was developed. The proposed metamaterial shell
structure has the ability to dissipate high levels of input energy by changing from one mode
of buckling to another. The structure dissipates energy through non-linear elastic behavior,
and hence the structure is re-usable for multiple loading cycles. Different profiles and
configurations of the negative stiffness metamaterial shell are proposed to achieve higher
force thresholds and higher levels of energy dissipation when compared to existed negative
stiffness pre-buckled beams and honeycombs. The negative stiffness metamaterial shell
structures will achieve adequate force thresholds and energy dissipation levels to be used
for different infrastructure applications. The proposed research plan includes a description
of the nine tasks necessary to accomplish these goals. These tasks are:


Task 1: Review the Literature



Task 2: Experimental Assessment of Force Threshold and Energy Dissipation of
Existing Metamaterial Pre-buckled Beams



Task 3: Develop a Three-dimensional Finite Element Model for Negative Stiffness
Pre-buckled Beams and Honeycomb
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Task 4: Numerically Investigate the Effect of Different Parameters on Behavior
of Negative Stiffness Pre-buckled Beams



Task 5: Experimentally Investigate Actual Strains in Negative Stiffness Elements
Using Different Materials



Task 6: Develop a New High Force – High Energy Negative Stiffness
Metamaterial Shell Structure



Task 7: Experimentally Investigate the Behavior of Developed Negative Stiffness
Metamaterial Shell Structure with Different Profiles



Task 8: Experimentally Investigate Different Techniques to Increase Force
Thresholds and Energy Dissipation Levels of Negative Stiffness Metamaterial
Shells



Task 9: Numerically Investigate Single and Multiple Layer Negative Stiffness
Metamaterial Shell Structures

3.2. CONCLUSIONS
The following section summarizes the conclusions from the experimental,
modeling, and analytical studies of different negative stiffness metamaterial elements. It
should be noted that in papers I, II and III, the behavior of pre-buckled beams and
honeycombs was investigated. The conclusions from papers I, II and III were used for
development of new metamaterial structure on paper IV. In paper IV, a metamaterial shell
structure was developed and investigated experimentaly and analytially. The conclusions
from papers IV were used to enhance the performance of metamaterial shell by developing
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multilayer metamaterial shell system on paper V. In paper VI, the impact behavior of
the developed metamaterial shells was investigated.
3.2.1. Negative Stiffness Metamaterial Pre-buckled Beams and Honeycombs.
In this phase, the behavior of metamaterial pre-buckled beams and honeycombs was
investigated experimentaly and analytically. The metamaterial pre-buckled beams and
honeycombs displayed negative stiffness when snapped through from one stable mode of
buckling to another one. Different 3D printing procsses such as addiditive manufacturing
with carbon filament and selective laser sintering (SLS) with Nylon powder were
investigated to manufacture the metamaterial prototypes. Prototypes manufactured with
Carbon filament displayed a premature failure due to delamination between the different
layers of the pre-buckled beam during the transition of the beam from the first mode of
buckling to the third mode of buckling which triggered high interlaminar shear stress
concentrations between the printed layers leading to breaking the weak bond between them.
Such delamination did not occur in the SLS printed prototypes.
A detailed description of finite element modeling (FEM) of metamaterial prebuckled beams and honeycombs using LS-Dyna was presented. The developed FEMs were
able to address the instabilities occurred in pre-buckled beams and honeycombs at the
transition from one mode of buckling to another and hence the negative stiffness region
was accurately captured. The FEM results of one complete cycle of loading and unloading
of single pre-buckled beams as well as honeycomb structure were validated with the two
sets of experiments: single pre-buckled beams presented in this study and the honeycomb
models available in the literature. Displacement control loading was used in all the
developed models to accurately predict the behavior of the elements in the loading and
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unloading paths. The study was extended to investigate the effect of different
parameters such as boundary condition, apex height-to-beam thickness ratio (Q),
constraining the second mode of buckling, and using multiple honeycombs on the behavior
of negative stiffness honeycomb structures.
FEMs employed both linear elastic and piecewise linear plastic material models
captured the loading path of the single-beam and honeycomb structures quite well;
however, only the piecewise linear model was capable of capturing the unloading behavior
with a maximum error in predicting average peak force of 1% and 10%, respectively.
Changing the boundary conditions by changing the wall-to-beam thickness ratio had no
effect on the occurrence of the negative stiffness, rather it has significant effects on force
threshold and energy dissipation. Increasing the wall-to-beam thickness ratio for values
greater than eight did not affect the force threshold nor the energy dissipation. However,
decreasing that ratio decreased the force threshold and energy dissipation.
A minimum apex height-to-thickness ratio, Q, of two is required for a pre-buckled
beam to display negative stiffness behavior. Q-values ranging from 2.5 to 5.0 exhibited
negative stiffness behavior while displaying minimal residual displacement as well as
reasonable force thresholds and energy dissipation. Increasing the Q-value to 6.25 resulted
in significant reduction in the force threshold and 55% reduction in the energy dissipation
as well as 350% increase in the residual displacement. Constraining the second mode of
buckling using double pre-buckled beam did not significantly increase the force threshold
per beam; however, it increased the energy dissipated per beam by 12% compared to that
of a single pre-buckled beam. It can be concluded that the force threshold and the energy
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dissipation of the pre-buckled beams and honeycombs are limited and may not be
adequate for structural applications.
3.2.2. Negative Stiffness Metamaterial Shells. In this section, negative stiffness
metamaterial shell with the ability to exhibit negative stiffness behavior under transverse
loading was developed. The shell exhibited negative stiffness behavior during the transition
from one stable mode of buckling to another through which energy is dissipated. The shell
is supported on ring beam which constrained the shell from horizontal movement and
provided higher stiffness for the shell. Shell prototypes were manufactured using 3D
printing selective laser sintering (SLS) process. All metamaterial shell prototypes were
tested under quasi-static transverse loading to force the shell to transfer from one mode of
buckling to another. Different apex height to shell thickness ratios were investigated to
address the change in force threshold, amount of energy dissipation and plastic
deformations in the system. The size effect was also investigated using four shell
prototypes having the same apex height to shell thickness ratio but different dimensions.
The developed negative stiffness metamaterial dissipated up to 70% of the total input
energy.
The developed metamaterial shell has the ability to withstand higher force
thresholds when compared to negative stiffness metamaterial pre-buckled beams and
honeycombs as the ring beam supporting the shell enhanced the behavior and increased the
stiffness of the shell which lead to higher levels of energy dissipations. Internal equilibrium
in the supporting ring beam allowed the use of significantly smaller thicknesses for
supports when compared to the supports of pre-buckled beams. Designing the metamaterial
shell with high apex height to shell thickness ratio will significantly increase the force
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threshold as well as the amount of energy dissipated through the system. However, the
plastic deformations in the shell profile increased.
A multilayer metamaterial shell was designed and experimentally tested under
quasi-static loading. The multilayer metamaterial shell system increased the force
threshold as well as the energy dissipated so that it become more adequate for structural
applications such as impact protection of structures, base isolators, blast protection, etc.
Two multilayer metamaterial shell designs were investigated: First, design and
manufacture an array of multilayer metamaterial shells as one unit. Second, design and
manufacture each shell layer individually then connecting the shell layers together as a
segmental structure to facilitate the installation and maintenance process of the system.
Resulst indicated that the force threshold and the energy dissipation increased linearly with
increasing the number of shell layers used. The multilayer metamaterial shell prototypes
were able to exhibit negative stiffness behavior similar to the single metamaterial shell.
Manufacturing the multilayer metamaterial shell as on unit and manufacturing the shell
layers individually and connecting them using male and female connection in a segmental
array were both successful in increasing the force threshold energy dissipation through the
system.

Most of multilayer metamaterial shell prototypes were able to dissipate

approximately up to 70% of the total input energy and recover initial configuration with
maximum plastic deformation of 15%. Manufacturing multilayer metamaterial shell
without connecting ring walls resulted in 40% reduction in the initial stiffness of the system
and hence it is not recommended in manufacturing the system.
Finite element models (FEMs) were developed using LS-Dyna software to predict
force threshold, energy dissipation, plastic deformation and the negative stiffness behavior

214
of single and multilayer metamaterial shells during loading and unloading. The results
from FEM were validated with experimental results from this study and from literature.
The developed FEMs were able to accurately capture the negative stiffness behavior of
shells and address the instabilities occurred in during the transition from one mode of
buckling to another. Different material models were investigated to achieve the most
accurate prediction of the metamaterial shells behavior. The average error between FEMs
prediction and experimental results was 25% in the force threshold and 35% in the amount
of energy dissipation. Parametric study was carried out using FEMs to investigate the effect
of changing apex height to shell thickness ratio on the force threshold, energy dissipation
and plastic deformations.
An analytical model was proposed based on the bending stiffness of solid circular
plate was proposed to predict the force threshold of metamaterial shells when subjected to
transverse loading. The equation was validated with experimental and finite element
modeling results. Furthermore, an equivalent nonlinear spring model was proposed to
simplify the simulation of negative stiffness metamaterial elements to achieve fast, simple
and sufficiently accurate behavior of such elements when used as a part of larger structural
modeling. The equivalent model consists of nonlinear spring defined with different
stiffness behavior during the loading and unloading of the spring. Two points were used to
define the loading and unloading stiffness of the nonlinear spring to represent the
metamaterial shell. The output of the equivalent nonlinear spring model accurately
simulated the behavior of the metamaterial shell prototype during both loading and
unloading with maximum error of 17% in predicting the amount of energy dissipated. The
equivalent nonlinear spring model can be used to facilitate the implementation of

215
metamaterial shell model in different structural modeling without the need for
addressing instabilities and complicate the structural model.
Behavior of metamaterial shells was investigated unde impact loading. A total of
four metamaterial shell prototypes with two different apex height-to-shell thickness ratio
were experimentally tested. A custom impact hammer pendulum was designed to apply
impact loading on a base structure with and without shell prototypes attached to the base
structure. The acceleration-time history was recorded during the impact events to measure
the difference between the base structure acceleration when impacted directly without
using shell prototype and when impacted with the shell prototype installed. Two base
structure materials, steel and wood were used to investigate the effect of using different
base structure materials on the behavior and deformation of the shell prototypes. The
metamaterial shell prototypes were able to isolate the base structure by deforming from
one mode of buckling to another dissipating energy and hence, reduce the impact energy
transferred to the base structure. The acceleration of the base structure was reduced by 98%
with the use of the metamaterial shell prototypes and hence the base structure was
protected. It is recommended to design the metamaterial shell with rexpect to the stiffness
of the base structure as the base structure must be stiff enough to support and prevent the
metamaterial shell prototype from movement in order to reach the required isolation.
Failure to do so will result in movement of the metamaterial shell prototype with the base
structure without deforming and hence no reduction in the acceleration. All shell prototypes
were able to achieve the same impact behavior for several impact events and hence they
are reusable for multiple impact cycles.
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3.3. RECOMMENDATIONS
Based on the conclusions stated in the previous section, future research could be
considering the following:


Full-scale impact testing for the proposed metamaterial shell panels on bridge
girders.



Investigate the use of metamaterial shell panels as a base isolation for bridge
columns during seismic events.



Investigate the combination of two different profiles of metamaterial shells in one
unit.



Hyprid system between pre-stressed bridge girders and metamaterial shells as an
internal energy dissipation system.



Varying the metamaterial shell thickness along the span to achieve higher levels of
energy dissipation.



Investigation of construction techniques that give safe and durable fixation of
metamaterial shell panels to bridge girders.



Design and testing of inclined metamaterial shell panels to be able to resist impact
events from different collision angles.



Durability studies of metamaterial shell panels.
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APPENDIX A.
EXPERIMENTAL TESTING PICTURES
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Figure A.1. 3D printed prototype of carbon filament pre-buckled beam.

Figure A.2. Second mode of buckling of carbon filament pre-buckled beam during
testing.

Figure A.3. Delamination between layers in carbon filament pre-buckled beam.
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Figure A.4. 3D printed selective laser sintering prototype of Nylon pre-buckled beam.

Figure A.5. Second mode of buckling of Nylon pre-buckled beam during testing.
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Figure A.6. Waterjetting of metallic pre-buckled beam.

221

Figure A.7. Aluminum plate after cutting pre-buckled beam prototypes using
Waterjetting.

222

Figure A.8. Different profiles of Aluminum pre-buckled beams.

223

Figure A.9. Strain gauges attachment to Aluminum pre-buckled beam.

Figure A.10. Second mode of buckling observed during testing of Steel pre-buckled
beam.

224

Figure A.11. Coupons testing of Alumium and Steel alloys used in manufacturing
metallic pre-buckled beams.
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Figure A.12. 3D printed prototypes of single and multilayer metamaterial shell.

Figure A.13. Nylon powder trapped in 3D printed metamaterial shell prototypes
without holes in ring walls.
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Figure A.14. 3D printed prototypes of multilayer metamaterial shell without holes in
ring walls.

Figure A.15. 3D printed prototypes of multilayer metamaterial shell with holes in ring
walls.
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Figure A.16. Prototypes of different metamaterial shell profiles.

Figure A.17. Double scale vs regular scale multilayer metamaterial shell prototype.
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Figure A.18. Six-layer segmental metamaterial shell prototype.

Figure A.19. Three-layer segmental metamaterial shell prototype with disconnected
ring wall.
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Figure A.20. Deformation of vertical link member in multilayer metamaterial shell
prototype after testing.

Figure A.21. Stiffning of vertical link member in multilayer metamaterial shell
prototype to prevent any deformations during testing.
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Figure A.22. Strain gauges attached to metamaterial shell prototype.

231

Figure A.23. Instron machine used in experimental testing of metamaterial shell
prototypes.

232

Figure A.24. Data aquistion system for strain measurments.

233

Figure A.25. Compressed multilayer metamaterial shell prototype just before
unloading.

234

Figure A.26. Tip deformation in single metamaterial shell prototype with Q ratio of 5.

235

Figure A.27. 3D printed Nylon coupons.

236

Figure A.28. Tensile testing of 3D printed Nylon coupons.

237

Figure A.29. Impact hammer test setup for impact testing of metamaterial shell
prototype on steel base structure.

238

Figure A.30. Rotating arm connection that allowed impact hammer to swing as
pendulum.

239

Figure A.31. Steel base structure used in impact testing.

Figure A.32. Impact hammer.
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(a)

(b)
Figure A.34. Deformation of wood base structure: (a) without using metamaterial shell,
and (b) with using metamaterial shell.

241

Figure A.35. 3D printed prototype of multiple metamaterial shells arranged to form a
panel.
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APPENDIX B.
FINITE ELEMENT MODELING
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Figure B.1. Finite element modeling (FEM) of pre-buckled beam.

Figure B.2. Second mode of buckling observed in the FEM of pre-buckled beam.

244

Figure B.3. 3D-view of metamaterial pre-buckled beam honeycomb in FEM.

245

Figure B.4. 3D-view of metamaterial shell in FEM.

Figure B.5. Cross section of metamaterial shell in FEM.

246

Figure B.6. von-Mises stresses of metamaterial shell with Q ratio of 4 during negative
stiffness region.

Figure B.7. von-Mises stresses of metamaterial shell with Q ratio of 4 after reaching
third mode of buckling.

247

Figure B.8. FEM of different metamaterial shell profiles with different Q ratios.

248

Figure B.9. FEM of one-layer two-step metamaterial shell.

249

Figure B.10. FEM of two-layer two-step metamaterial shell.

250

Figure B.11. FEM of three-layer two-step metamaterial shell.

251

Figure B.12. Deformation of the upper two shell layers in FEM.

Figure B.13. Deformation of the lower two shell layers after deforming the upper two
layers in FEM.

252

Figure B.14. von-Mises stresses during the deformation of the upper two shell layers.

Figure B.15. von-Mises stresses during the deformation of the lower two shell layers.
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